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Abstract. A conjecture of Kadison and Kastler from 1972 asks whether sufficiently close 
operator algebras in a natural uniform sense must be small unitary perturbations of one 
another. For n > 3 and a free ergodic probability measure preserving action of SL n (Z) on a 
standard nonatomic probability space (X,fj,), write M = ((L°°(X, [i) x\ SL n {li))® R, where 
R is the hyperhnite II i factor. We show that whenever M is represented as a von Neumann 
algebra on some Hilbert space "K and N C 23 (5£) is sufficiently close to M, then there is 
a unitary u on "K close to the identity operator with uMu* — N . This provides the first 
nonamenable class of von Neumann algebras satisfying Kadison and Kastler's conjecture. 

We also obtain stability results for crossed products L°°(X, /i) x F whenever the compar- 
ison map from the bounded to usual group cohomology vanishes in degree 2 for the module 
L 2 (X, /i). In this case, any von Neumann algebra sufficiently close to such a crossed product 
is necessarily isomorphic to it. In particular, this result applies when L is a free group. 

This paper provides a complete account of the results announced in [T2"] . 
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In [51], Kadison and Kastler introduced a metric d on the collection of all closed subalge- 
bras of the bounded operators on a Hilbert space in terms of the Hausdorff distance between 
the unit balls of two algebras M and N, and conjectured that sufficiently close operator 
algebras should be isomorphic. Qualitatively, M and N are close in the Kadison-Kastler 
metric if each operator in the unit ball of M is close to an operator in the unit ball of N 
and vice versa. Canonical examples of close operator algebras are obtained by small unitary 
perturbations: given an operator algebra M on a Hilbert space "K and a unitary operator 
u on "K close to the identity operator, then uMu* is close to M. The strongest form of the 
Kadison-Kastler conjecture states that every algebra sufficiently close to a von Neumann 
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algebra M arises in this fashion. This has been established when M is an injective von Neu- 
mann algebra [THJ ESI HH EE] (building on the earlier special cases in [TO [75]) but remains 
open for general von Neumann algebras. 

We now present the central result of the paper: Theorem [A] This has been announced 
in our short survey article [12] which contains a heuristic discussion of our methods but no 
formal proofs. 

Theorem A. Let n > 3 and let a : SX n (Z) rv (X,fi) be a free, ergodic and measure 
preserving action of SL n (Z) on a standard nonatomic probability space (X,fi). Write M = 
(L°°(X, /i) x a SL n (Z)) ® R, where R is the hyperfinite II\ factor. For e > 0, there exists 
5 > with the following property: given a normal unital representation M C 23 (!K) and 
another von Neumann algebra N on "K with d(M, N) < 5, there exists a unitary u G "K with 
\\u - < e and uMu* = N. 

Theorem [A] provides the first nonamenable Hi factors which satisfy the strongest form 
of the Kadison-Kastler conjecture. A key ingredient in this result is the vanishing of the 
bounded cohomology groups H 2 (SL n (Z), L^(X, fi)) for n > 3 from [HU El E3] and in Theo- 
rem [XJ which is then an immediate consequence of Theorem I6.3.4[ SL n (Z) can be replaced 
with any other group with this property. Via the work of (H [831 EH [85], there are uncount- 
ably many pairwise nonisomorphic Hi factors to which this theorem applies (see Remark 
16X6]) . 

The Kadison-Kastler conjecture is known to be false in full generality. In [16], examples 
of arbitrarily close nonseparable and nonisomorphic C*-algebras were found, while in [15] 
Johnson presented examples of arbitrarily close unitarily conjugate pairs of separable nuclear 
C*-algebras where the implementing unitaries could not be chosen to be close to the identity 
operator. Thus the appropriate form of the conjecture for C*-algebras is that sufficiently close 
separable C*-algebras should be isomorphic or spatially isomorphic. In this last form, the 
conjecture has been settled affirmatively for close separable nuclear C*-algebras on separable 
Hilbert spaces [28] (see also [27J) with earlier special cases established in J2TJ [TjJ EH [55] . Our 
methods also give examples of nonamenable von Neumann algebras satisfying these weaker 
forms of the conjecture, as we now state. The hypotheses on the action in the following 
theorem ensure that M is a Hi factor with separable predual satisfying P' n M C P. The 
three parts of Theorem [B] are proved in Section E] as Corollary 16.1.2} Corollary 16.2.11 and 
Theorem 16.3.21 respectively. 

Theorem B. Let a : V rx P be a centrally ergodic, properly outer and trace-preserving 
action of a countable discrete group Y on a finite amenable von Neumann algebra P with 
separable predual and write M = P x Q T. 

(1) Suppose that the comparison map 

(1.1) H 2 b (T, L 2 (Z(P) sa )) H 2 (T, L 2 (Z(P) sa )) 

from bounded cohomology to usual cohomology vanishes, where Z(P) denotes the cen- 
ter of P. Then, given a normal unital representation M C B(!K) ; each von Neumann 
algebra N on S(J{) sufficiently close to M is isomorphic to M. 

(2) Suppose that the comparison map U.l\) vanishes and that M has property Gamma. 
Then, given a normal unital representation M C 2(!K) ; each von Neumann algebra 
N on H> (!K) sufficiently close to M is spatially isomorphic to M. 
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(3) Suppose that the bounded cohomology group H 2 (T,Z(P) sa ) vanishes. Then, given 
e > 0, there exists 5 > such that for a normal unital representation i : M — >■ B(IK) 
and a von Neumann subalgebra N C 23 (!K) with d(i(M),N) < e, there exists a 
surjective * -isomorphism 9 : M — >■ iV with \\i — 6\\ < 5. 

In order to distinguish the slightly different external rigidity properties arising in Theorem 
lAl and the different parts of Theorem [B] above, we call algebras satisfying the conclusion of 
Theorem |A] strongly Kadis on-Kastler stable, algebras satisfying the conclusion of Theorem 
|B]part ([I]) weakly Kadis on-Kastler stable and algebras satisfying the conclusion of Theorem 
iBl part ([2]) Kadison-Kastler stable. With this terminology, the appropriate forms of the 
Kadison-Kastler conjecture are that von Neumann algebras are strongly Kadison-Kastler 
stable and separable C*-algebras are Kadison-Kastler stable. 

Part ([1]) of Theorem IBl applies when T is a free group F r , 2 < r < oo, as these groups have 
cohomological dimension one, so H 2 (V , L 2 (Z(P) sa )) = 0. In particular, the approximate 
free group factors introduced in [70] as the first class of factors containing a unique Cartan 
masa up to unitary conjugacy, have the form L°°(X) x Q F r for some free ergodic measure 
preserving profinite action a. Consequently, these factors are weakly Kadison-Kastler stable 
by Part ([T]) of Theorem [B] As shown in [701 Section 5] , there are uncountably many pairwise 
nonisomorphic factors in this class, including some examples with property Gamma. These 
latter examples are Kadison Kastler stable by Part [2] of Theorem [Bj 

In the rest of this introduction we set out the main ideas used to prove Theorems \M 
and [B] for crossed products P x a T arising from centrally ergodic, properly outer and trace- 
preserving actions a of countable discrete groups T on amenable finite von Neumann algebras 
with separable preduals. Existing methods for isomorphisms between close operator algebras 
used in [T8| 121] HJJ [891 [28] when one algebra is amenable rely heavily on perturbation results 
for approximate homomorphisms. A pair of Banach algebras (A, B) has Johnson's 'AMNM' 
property [IB] when every approximately multiplicative bounded linear map A — > B is near 
to a multiplicative map. This property is an operator algebra version of Kazhdan's work on 
almost group representations [M] (see JTU] for recent progress in this direction). The AMNM 
approach to Kadison-Kastler stability results is to produce a bounded linear map between 
close operator algebras using, for example, a conditional expectation onto an injective von 
Neumann algebra, and then use the AMNM property to produce a nearby isomorphism. 
Outside the amenable context it seems difficult to obtain such bounded linear maps and 
so the approach that we adopt here is to construct directly an isomorphism from a crossed 
product M onto a close von Neumann algebra N. Our strategy is to establish that algebras 
iV close to a crossed product Hi factor M = P x a T can be written as twisted crossed 
products arising from the same underlying action a via a 2-cocycle u taking values in the 
unitary group U(Z(P)). This cocycle u will be uniformly close to the trivial cocycle, and so 
one can take a logarithm to obtain a bounded 2-cocycle taking values in Z(P) sa . When this 
cocycle represents the trivial class in H 2 (T, Z(P) sa ), we obtain an isomorphism between M 
and N. This is guaranteed to occur when the comparison map ( II. ip vanishes, or when the 
bounded cohomology group H 2 (T, Z(P) sa ) vanishes. 

In addition to the perturbation results for amenable von Neumann algebra from [TBI HH 
IH3 EI], two existing perturbation results play a key role in this paper. The first of these 
(from Kadison and Kastler's original paper [SI]) is that close von Neumann algebras have 
close type decompositions. Of particular relevance here is (SB Theorem B] which shows 
that if M is a Hi factor acting nondegenerately on "K and iV is another von Neumann 
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algebra acting nondegenerately on "K with d(M,N) < 1/8, then N is also a Hi factor. The 
second key ingredient is an embedding theorem for near inclusions from [2T]. Say that P is 
nearly contained in N when operators from the unit ball of P can be closely approximated by 
operators in N but no reverse assumption is made. The analogous conjecture in this situation 
is that sufficiently small near inclusions of P into N arise from small unitary perturbations 
of genuine inclusions and the embedding theorem ( [2TI Theorem 4.3]) establishes this when 
P is amenable. Further, given such a near inclusion one can find a unitary implementing 
such a small perturbation inside the von Neumann algebra generated by P and N. 

When P is amenable and M = P x a T is close to another von Neumann algebra iV on 
the Hilbert space !K, we can apply the embedding theorem to the near containment of P 
into N. This enables us to replace N by a small unitary perturbation Ni = u*Nu of N 
such that PQNi. The assumptions on the action a ensure that P' n M C P and it is 
easily checked that if Ni is close enough to M, then P' D Ni C P. Writing (u g ) g£ r for the 
canonical unitaries in the crossed product M = P xi Q T, we can approximate each u g by 
a nearby unitary v g G N±. The amenable algebras v g Pv* are each close to P inside N\, 
so the perturbation results for amenable von Neumann algebras can be used to replace the 
unitaries (v g ) g& r by unitaries (v g ) g& r in N\ which normalize P and implement the action a. 
In this way (P U {v g : g G T}) will generate a von Neumann subalgebra of Ni isomorphic 
to a twisted crossed product P T, where u is a 2-cocycle given by u(g, h) = v g v h v* h for 
g, h G T. This is the subject of Section [3J 

In order to show that Ni is generated by P and (v g ) g& r, we construct special representa- 
tions of M and N\ on a new Hilbert space X. Specifically, we reduce to the situation where 
M and N\ are close von Neumann algebras on X with P C MC\N\, and both algebras are in 
standard position. Moreover, we obtain two additional properties. The first is the existence 
of a common trace vector £ for M, M', N\ and N[ that is then used to define the modular 
conjugation operators Jm and Jjv x - The second is the equality of the two basic construction 
algebras (M, ep) and (Ni, ep). We are then able to work at the Hilbert space level to convert 
questions about generation to questions about the orthogonal complement of J2 geG Pv g on 
X. 

To reach this situation we first modify Ji to produce a new Hilbert space X with close 
representations of M and N± such that M is in standard position on X, in the sense that 
the dimension diniM^ of DC as a left M- module is 1. To increase the dimension of CK as 
an M-module, we can replace "K by an amplification "K ® !Ki and M by M <S> I% x and N\ 
by iV"i ® J^. To decrease the dimension of "K as an M-module, we replace "K by e(!K) for 
a suitable projection e in the commutant of M. Provided this projection is chosen near to 
the commutant of Ni, then we can replace Ni by a small unitary perturbation of N\ so that 
e£JV[: in this way we obtain close representations of M and Ni on e("K). The selection of 
e is a little delicate, as while M and Ni are close on the original Hilbert space "K, we cannot 
generally assume that the commutants M' and are also close on !K (see [UJ). In Lemma 
14.2. ll we show that such an e can nevertheless always be found, though it could be very small 
in trace. 

Once M lies in standard position on X, some ideas originating in [22] and [26] can be 
used to see that the commutants M' and N[ are close on X. This enables us to deduce 
that Ni is almost in standard position on X in the sense that, as a left iVx-module, the 
dimension of X is approximately 1. Constructing the modular conjugation operator 
with respect to a trace vector £ for M and M', it follows that JmPJm is almost contained 
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in N[, so the embedding theorem enables us to make a further small unitary perturbation 
of Ni so that JmPJm Q N[. By computing the trace of an operator in Ni through P via 
the trace preserving conditional expectation from N\ onto P and then working in M, we 
deduce that £ is also tracial for N±. Taking commutants and working with the subalgebra 
JmPJm Q M' C\ N[, it follows that £ is also tracial for N[. In the case that P is a maximal 
abelian subalgebra of M, it is then easily checked that the basic constructions of P C M 
and PCiVj are identical. In the general case, we use a theorem of Popa [79J to find suitable 
masas for M and N\ inside P. At this stage of the argument it is essential that P' fl M C P. 
The situation where we assume that M is in standard position is the subject of Section 14.11 
and in Section 14.21 we combine this with the reduction procedure of the previous paragraph. 
In particular it follows that an algebra N sufficiently close to a crossed product M = P y\ a Y 
can be written as a twisted crossed product N = P y\ a ul Y for a cocycle u uniformly close 
to the trivial cocycle. The weak Kadison-Kastler stability results in part ([T]) of Theorem 
IB1 then follow directly; the details are set out in Section 16.11 The procedure of Section 14.21 
also gives a general reduction result (Theorem I4.2.4[) which shows that, for the purposes of 
determining whether Hi factors are weakly Kadison-Kastler stable, it suffices to assume that 
both factors lie in standard position on the same Hilbert space. 

We now discuss how to ensure that the resulting isomorphism is always spatial (as required 
in Theorem [A] and part §2§ of Theorem [B]) and uniformly close to the inclusion map (as in 
Theorem |A] and part ([3]) of Theorem [B]). These problems are intimately connected with 
Kadison's similarity problem for operator algebras from [IS]. We say that a C*-algebra has 
the similarity property if every bounded homomorphism (f) : A — > IB (IK) is similar to a *- 
homomorphism. The similarity problem is then to determine whether all C*-algebras have 
this property. Positive answers to this question are known for amenable algebras (see [7], for 
example), traceless C*-algebras [39], and also in the presence of a cyclic vector [39]. The most 
general class of Hi factors for which the similarity property is known to hold are those Hi 
factors with Murray and von Neumann's property Gamma [23]; the problem remains open 
for other Hi factors. The main result of |26j shows that if A, B C IB (IK) are C*-algebras, 
such that A has the similarity property and B is sufficiently close to A (in terms of quantified 
estimates on how well A satisfies Pisier's length characterization of the similarity property 
from [76]). then B has the similarity property. From this we obtain that A' and B' are close 
on K and that matrices over A are uniformly close to matrices over B (independently of the 
size of the matrix). In particular, if M and N\ are close Hi factors on IK and M has property 
Gamma, then M' and N[ are close on K. This enables us to make significant simplifications 
to the reduction argument of Section I4T21 In particular it follows that dim A /(K) = dim Nl CK) 
and so if there exists an isomorphism 9 between M and iVj., then 9 is automatically spatially 
implemented on K. This is enough to prove part §2§ of Theorem [Bj which is established as 
Corollary 

In fact, the similarity property for a Hi factor M is equivalent to the following notion 
of continuity for the operation of taking commutants: whenever M is normally unitally 
represented on K and Nk C IB (IK), k > 1, is a sequence of von Neumann algebras satis- 
fying lim^oo d(M, Nk) = 0, then lim^oo d(M', N' k ) = [TT] . In particular, every strongly 
Kadison-Kastler stable factor must have the similarity property. 

In Theorem [B] the difference between the vanishing of the comparison map (11.11) in part 
([T]) and the hypothesis that H^(T, Z(P) sa ) = in part <^ is that in the latter case we can 
obtain an isomorphism 9 from M = P x Q T onto a close subalgebra iV with the property 



6 



CAMERON ET. AL. 



that 



X2) 



\\9{xu g 



XUr. 



is small for x G P with ||x|| < 1 and each g G T (where (u g ) g& r are the canonical group 
unitaries), whereas when (II .lft vanishes we only learn that the cocycle u arising in the 
expression of N = P x QjCJ T is a coboundary dv, but we do not have an estimate on how 
close v is to the trivial 1-cochain. Consequently, we cannot control the behavior of the 
isomorphism between M and N on the canonical unitaries in this case. 

One would expect that (ll.2p is insufficient to ensure that ||0(77i) — m\\ is small for all 
m G M with ||m|| < 1. However, working in the situation where PCMfliV and M and N 
are simultaneously in standard position on a new space % such that PCM and P C N have 
the same basic construction algebra (M, ep), the isomorphism 9 is spatially implemented on 
DC by a unitary W G P' fl (M,ep). By decomposing W = ^2 ger w g (u g epu*) with respect to 
the central projections (u g epu*) g& r in P' D (M, ep) arising from the canonical Pimsner-Popa 
basis, the assumption that 9{u g ) ~ u g for all g can be used to show that ah{w\ r ) ~ Wh for 
all h G r. It then follows that W ~ Jm w x v Jm and this last unitary lies in P' D M' fl i\T' so 
W almost commutes with elements of M. 

The methods described so far give strong Kadison-Kastler stability for a factor satisfying 
both the hypotheses of parts (T5J) and (j3J) of Theorem [B] However, as our principal example 
SX 3 (Z) of a group with the required bounded cohomology condition has property T, it is 
not possible to produce crossed product factors L°°(X,fi) xi a SL 3 (Z) with property Gamma. 
Instead we obtain our examples of strongly Kadison-Kastler stable factors by taking a tensor 
product of L°°(X,fi) x a SX 3 (Z) and the hyperfinite Hi factor R in order to obtain property 
Gamma. In section 15.21 we show that algebras close to McDuff factors (those of the form 
M = M <g> R) are again of this form, and further, we can arrange to factor an algebra iV 
close to M g) R as iVo <g> R using the same copy of R and with Nq close to Mq. This enables 
the work described previously to be applied to M and N and prove Theorem |X] as Theorem 
16.3.41 This is set out in Section 16.31 

The method of identifying N as a twisted crossed product coming from the same underlying 
action used to construct M, albeit with a possibly different cocycle, is also valid beyond the 
crossed product setting. In [38J , Feldman and Moore introduced the notion of a Cartan masa 
in a von Neumann algebra to generalize the twisted version of Murray and von Neumann's 
group-measure space construction and showed that these are determined by a measured 
equivalence relation and the orbit of a certain 2-cocycle. Our results enable us to see that 
if A C M is an inclusion of a Cartan masa in a Hi factor, then any von Neumann algebra 
iV sufficiently close to M contains a Cartan masa B close to A. Further, the inclusions 
A C M and B C iV induce isomorphic measured equivalence relations and are given by 
uniformly close 2-cocycles on these relations (see Subsection 16.41 and Proposition 16.4.2"]) . In 
particular, factors close to those with unique Cartan masas (see [70l [TTJ [HJ E3 EH]) also 
have unique Cartan masas. Our methods then give isomorphism results for close Hi factors 
M = L°°(X,fi) x T and iV = L°°(Y,v) x A which both arise as crossed products in a 
class which is known to have a unique Cartan masa. In particular, Popa and Vaes have 
shown that this applies when V and A are both hyperbolic [88] (see [H] when the actions 
are additionally assumed profinite), whereas general hyperbolic groups need not satisfy the 
cohomological condition that the comparison map (11. ip vanishes. 
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The paper is organized as follows. In order to make this paper as self-contained as possible, 
we start with a background section which reviews the Kadison-Kastler metric, near inclusions 
and the connection with the similarity problem, the basic construction, the twisted crossed 
product construction and the bounded cohomology results which apply to SL n (Z) for n > 3. 
At this point we recall some prior estimates from the literature and establish some technical 
lemmas. We also collect a number of easy estimates and some technical results for later use. 
Section [3] is concerned with the process of transferring normalizers of amenable subalgebras. 
We do this in a general setting designed to work beyond the context of crossed products. 
Section H] contains the procedure for representing two close Hi factors on a new Hilbert space 
where both are in standard position, and other important properties of this reduction are 
also obtained. Section investigates structural properties of close Hi factors in the sprit 
of the original paper J5JJ. Using the work of Sections E] and HJ we show that a number of 
key structural properties of the free group factors, including strong solidity, are inherited 
by nearby factors, and then examine factors with property Gamma and McDuff factors. 
Theorems \M and [B] are established in Section [6] which also sets out how our work applies to 
general Cartan masas through the lens of equivalence relations. 
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2. Preliminaries 

2.1. The Kadison-Kastler metric and near inclusions. We begin by recalling the defi- 
nition of the Kadison-Kastler metric from [5TJ and by using it to give precise formulations of 
the concept of Kadison-Kastler stability from the introduction. We state these definitions in 
the context of von Neumann algebras, but they apply equally to C7*-algebras (replacing the 
unital assumption by a nondegeneracy assumption), and to non self-adjoint algebras (where 
spatial isomorphism should be interpreted in terms of conjugation by a similarity rather than 
by a unitary). 

Definition 2.1.1. Let M and N be von Neumann subalgebras of 23 (!K). The Kadison- 
Kastler distance d(M, N) between M and N is the infimum of those 7 > with the property 
that, given an operator x in one of the unit balls of M or N, there exists y in the other unit 
ball with \\x — y\\ < 7. 

Given two von Neumann algebras M and N acting degenerately on !K with d(M, N) small, 
it is easy to show that the identities Im and 1^ are close in norm. Further, there exists a 
unitary u 6 W* (M U N) with uImu* = In so that \\u — is small (see Proposition 3.2], 
which sets this out with explicit estimates in the more general C*-algebraic context). We 
can then replace N by the algebra N x = u*Nu and work on the Hilbert space "Kx = I M CK), 
where M and N\ act nondegenerately. Thus we can assume that close von Neumann algebras 
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share the same unit and that this is the identity operator on the underlying Hilbert space. 
We incorporate this assumption into the definitions below. 

Definition 2.1.2. Let M be a von Neumann algebra. 

(i) Say that M is strongly Kadison-Kastler stable if for all e > 0, there exists 5 > such 
that given any faithful unital normal representation M C IB (IK) and a von Neumann 
algebra N C 3 (IK) containing Ij<; with d(M,N) < 5, then there exists a unitary 
operator u on IK with uMu* = N and \\u — < e. 

(ii) Say that M is Kadison-Kastler stable if there exists 5 > such that given a faithful 
unital normal representation M C IB (IK) and a von Neumann algebra iV C IB (IK) with 
Iji E N such that d(M, N) < 5, then there exists a unitary operator u on IK with 
uMu* = N. 

(iii) Say that M is weakly Kadison-Kastler stable if there exists 5 > such that given a 
faithful unital normal representation M C IB (IK) and a von Neumann algebra iV C 
3 (IK) with Ix E N such that d(M, iV) < 5, then M and N are *-isomorphic. 

We now turn to the concept of near inclusions from [21] . 

Definition 2.1.3. Let M,N C IB(IK) be von Neumann algebras. For 7 > 0, write M Q 1 N 
if each x e M can be approximated by some y E N with ||a; — y|| < 7||x||. Write M C 7 A" 
when there exists 7' < 7 with M Cy AT. 

Since the definition of a near inclusion above does not require that the approximating y 
satisfies \\y\\ < \\x\\, the near inclusions M C 7 N and C 7 M only imply that d(M, N) < 27. 
Similarly 

(2.1) M Cj N Cs P =^ M C 7+5+(57 P, 

and so, while the infimum of those 7 with M G 1 N and N d 1 M defines a notion of 
distance between operator algebras equivalent to the Kadison and Kastler metric d, such a 
notion does not appear to satisfy the triangle inequality. However, when one of the near 
inclusions is obtained by conjugation by a unitary, we have a better estimate which will be 
used repeatedly in the sequel: 

(2.2) M C 7 N, ue U(B(IK)) M C 7+2 || u _j|| uNu*. 

This is obtained as follows. For x in the unit ball of M, choose y & N with ||x — y|| < 7. 
Then ||x — uyu*\\ < \\x — uxu*\\ + \\u(x — y)u*\\ < 2\\u — I\\ + 7. 

In [2JJ it is observed that near inclusions behave better than the metric d with respect to 
operations like matrix amplifications and taking commutants (see Proposition 12.1.61 below). 
To avoid the repeated losses in converting from near inclusions to distance estimates, we shall 
state technical results using hypotheses of the form M C 7 A" and A^ C 7 M, but formulate 
the main results of the paper using the Kadison-Kastler metric d. 

In Section [3X we will need to be able to take commutants of a sufficiently small near 
inclusion M C 7 A^ to obtain a reverse near inclusion N' Cy M' . This can be done with 
constants independent of the underlying Hilbert space IK if and only if M has the similarity 
property [TT]. Without the similarity property, this can be achieved on a given Hilbert space 
IK when M has a finite set of cyclic vectors for IK, with constants depending on the size of a 
cyclic set [22] . This proceeds by using the noncommutative Grothendieck inequality to show 
that, in the presence of a cyclic vector, bounded derivations are automatically completely 
bounded. We give an alternative proof of this fact below, which refines these ideas to 
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give improved constants (our main results use these estimates repeatedly so this leads to a 
significant improvement in our final bounds). We start by isolating a technical lemma. 

Lemma 2.1.4. Let M C 23(IK) be a von Neumann algebra such that 'K has a cyclic vector 
for M . Then, for every derivation 8 : M — > B(!K) ; we have 

(2.3) |HU<2||<5|| row , 

where 1 1 <5 1 1 row denotes the row norm of 5, given by ||5|| row = sup nr . ||5i xn ,(r)|| ; where the 
supremum is taken over contractions r G Mi x „(M). 

Proof. Let n G N and x G M n (M). Since M has a cyclic vector for S([K), we have 

(2.4) ||5 n (x)|| = sup{||r<5 n (a;)|| : r G M lxn (M), ||r|| < 1}, 

by [78| Lemma 2.4 (i) ==>- (iv) and Theorem 2.7]. For a 1 x n row matrix r over M with 
||r|| < 1, the relation r5 n (x) = 5i xn (rx) — 5i xn (r)x leads to the estimate 

(2.5) I|r<*n(a0ll = ll^ixnM - S lxn (r)x\\ < 2||<J|| row ||ac||. 

Combining (12 .4p and (12 .5p gives ||5 n (a;)|| < 2||5|| row , from which the result follows. □ 

An operator T G 23 (CK) induces a derivation S H- TS — ST on B([K) denoted ad(T). 
Arveson's distance formula from [3] (see [1UI Proposition 2.1] for the formulation we use) 
shows that for a von Neumann algebra M C ¥>(H) and T G B(iP), 

(2.6) d(T,M') = ±\\ad(T)\ M \\ eb . 

In the proof below we use [Ml Proposition 4.2]. We take this opportunity to correct an 
oversight in the statement of this result, which omitted the hypothesis that M is finite 
(which is required in order to appeal to [251 Theorem 2.3] in the proof of [9U Proposition 
4.2]). It is for this reason we have to handle the finite and properly infinite cases separately 
below. It would be interesting to find the best constant in (12. 7p . 

Lemma 2.1.5. Let M C B(!K) be a von Neumann algebra with a cyclic set of m vectors (in 
the sense that there exist £i, . . . , £ m G 'K such that Span{xj£j : Xi G M 1 < i < m} is dense 
in'K). If 6 : M —> B(IK) is a bounded derivation, then 5 is completely bounded and 

(2.7) \\6\\ cb <2(l + V2)m\\6\\. 

Proof. We first look at the case when m — 1 and M has a separable predual. By [2"2"| 
Corollary 3.2], and Arveson's distance formula (12. 6p it suffices to prove the result for when 
5 is of the form ad(T)| M for a fixed T G 23 (J{). 

Let p be the central projection in M such that Mo = Mp is finite and M\ = M(l — p) is 
properly infinite. Since M Q has separable predual, results of Popa from [79] can be used to 
choose an amenable von Neumann algebra Pq C Mq with Pq PI Mo = Z(Mq) (when Mo is a 
Hi factor this is [79| Corollary 4.1], the extension to the case when Mq is Hi can be found 
in [95l Theorem 8], and the general case is obtained by splitting Mo as a direct sum of its 
Hi part and its finite type I part, which is already amenable). Let Pi be a properly infinite 
amenable von Neumann subalgebra of Mi and let P = (Po U Pi)", which is an amenable von 
Neumann subalgebra of 13 ("K) containing p. 

Since P is amenable, we can find 5* in the weak* closed convex hull ox^" {uTu* : u G U(P)} 
such that S G P' . By construction (see [TH Section 2]) ||ad(S') | A4"|| < 1 1 ad(T^) | 1 1 and 
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\\S -T\\ < ||ad(T)| M ||. Further, just as in pU Theorem 2.4], {5(1 -p), (1 -p)S*}' n M l is 
properly infinite so 

(2.8) ||ad(S(l - p))\ Ml || = 2d(S(l - p), M[) = ||ad(£(l - p))\ Ml \\ cb 

by [121 Corollary 2.2]. The map ad(Sp)\M is a P - m °dule map M — >■ B(p(IK)) and so by 
[941 Theorem 4.2], a,d(Sp)\M is row bounded with row norm 

(2.9) ||ad(5p)| Mo ||row < V2\\ a d(Sp)\ Mo \\. 
Combining ( 12 .8p and (12. 9p . a.d(S)\M is row bounded and 

(2.10) ||ad(£)| M || row < V2||ad(£)| M ||. 
By Lemma [2.1.41 ad(S)\M is completely bounded and 

(2.11) ||ad(S)| M |U < 2v / 2||ad(5)| M || < 2v / 2||ad(T)| M ||. 
Since \\T — S\\ < ||ad(T)|jvf ||, we have 

||ad(T)| M |U < ||ad(S')| A/ || c6 + ||ad(T - S)\ M \\ cb 

(2.12) < 2v / 2||ad(T)| M || + 2||T - S\\ < 2(1 + \/2)||ad(T)| M ||, 

proving the result in the case when m = 1 and M has separable predual. 

We now retain the assumption that M has a cyclic vector £ but no longer require M 
to have separable predual. Given a bounded derivation 5 : M — > 5>(IK), we argue by 
contradiction, so suppose that \\S\\ = 1 but there is an n x n matrix xq G M n £g> M of 
norm 1 with entries from M so that ||5 n (a;o)|| > 2(1 + a/2). Let A be the separable C*- 
subalgebra of M generated by the entries of xq and the identity operator. There exists a 
finite dimensional subspace CKo of 'K such that, if po is the orthogonal projection from "K 
onto !K , then ||(/„ 0po)S n (x o )(I n <8>Po)|| > 2(1 + \/2). Since £ is a cyclic vector for M on CK, 
we can find a separable C*-subalgebra A\ of M with Aq C A\ such that A\^ D "K . Write 
Pi for the orthogonal projection from "K onto Ai£. Now inductively construct a sequence 
A\ C A 2 C . . . of separable C*-algebras and projections p„ G A' n from [K onto so that 
x i — y xp n is faithful on A n _\. Let A be the direct limit of this sequence, and p G A' be 
the projection onto Then A is separable, and i n> ip is faithful on A (as this map is 
isometric on each A n ). 

We can define a derivation 5 : — > 'B(%) by 5(ap) = p5(a)p. This is well defined and 
contractive (as x t— > xp is faithful on A) and 5 extends with the same norm to a derivation, 
also denoted 5, defined on the ultraweak closure iV of Ap by [50j Lemma 3], see also [93| 
Theorem 2.2.2] (this result is stated for derivations taking values in Ap, but the proofs 
given in these references work for derivations taking values in ¥>(%)). By construction, N 
has separable predual (since % is separable) and a cyclic vector £. From the first part of 
the proof we conclude that \\5\\ c b < 2(1 + y/2). In particular, ||(/ n <g> p)5 n (xo)(I n <g)p)|| = 
||5 n (^o)|| < 2(1 + \/2), giving the required contradiction. 

The situation where M has a cyclic set of m vectors can be reduced to the case of a single 
cyclic vector by tensoring by M m , see |26, Proposition 2.6]. □ 

In the context of near inclusions, the previous lemma has the following form. 

Proposition 2.1.6. Let M be a von Neumann algebra acting on a Hilbert space !K and 
suppose that M has a finite cyclic set of m vectors for "K. Then: 
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(%) ForT G^(J{), we have 

(2.13) inf{||T - S\\ : S G M'} < (1 + V2)m\\ad(T)\ M \\. 

(ii) Given another von Neumann algebra N on"K with M C 7 TV, we have N' ^2(1+^)^7 M ' . 

Note that by taking a weak*-limit point, the infimum on the left hand side in ( 12 . 1 3[) is 
attained. 

Proof. Part (JI]) follows from Lemma \2. 1.51 and Arveson's distance formula in (I2.6P above. For 
OH]), note that if N is another von Neumann algebra on !K with M C 7 N, then for T G iV' 
the near inclusion M C 7 iV gives the estimate ||ad(T)|jvf || < 2||T||7 (see the proof of [21] 
Theorem 3.1]). The result now follows from @. □ 

2.2. The completely bounded Kadison-Kastler metric. A completely bounded version 
of the Kadison-Kastler metric has existed implicitly since [2T], and explicitly appears in 
[26, 90J. As the basic properties of this metric have not been set out we do this below. 

Definition 2.2.1. Let A, B C !B(CK) be operator algebras. Write 

(2.14) d cb (A, B) = sup d(A <g> M n , B ® M n ). 

n>l 

For 7 > 0, write A <Z chjl B ii A® M n <Z^ B ® M n for all n G N and A C cfej7 i? if there exists 
7' < 7 with A C c6j7 , B. 

The following properties follow quickly from these definitions and existing theory. 

Properties 2.2.2. (i) The inequalities 

inf {7 > : A C c6 , 7 B, B C c6 , 7 A} 

(2.15) <d cb (A, B) < 2 inf {7 > : A C cfe , 7 B, B C c6 , 7 A} 

follow, just as for the original metric. 

(ii) If A and B are C* -algebras, with A C c b >7 B, then for any nuclear C* -algebra D, an 
argument using the completely positive approximation property as in [2U Theorem 3.1] 
yields A®D C c6i7 B <g> D. 

(iii) Let M,N C !B(CK) 6e von Neumann algebras with M C C 6 )7 and let S be any 
amenable von Neumann algebra. Applying (ii) to any weak* dense nuclear C*- algebra 
DCS and using the Kaplansky density argument of [51] Lemma 5] gives M <g> S C C 6 i7 
N®S. In particular M®B(X) C c6i7 N^'B(X). 

Arveson's distance formula [3] shows that completely close algebras have completely close 
commutants. 

Proposition 2.2.3. Let A and B be C* -algebras acting nondegenerately on a Hilbert space 
!K with A G c6j7 B. Then B' C c6i7 A'. In particular, if d c b(A, B) < 7, then d c b(A',B') < 27. 

Proof. Given n G N and T G !B(!K ® C n ), recall that the statement of Arveson's distance 
formula in (12.61) shows that the distance from T to (A <g> CI n )' — A' <g> M n is given by 

(2.16) d(T,A'®M n ) = i||ad(T)U8CjJU- 
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Now suppose that Te5'® M n . Given x G A <g> M n <g> M s = A® M ns , choose y G B <g> M ns 
with ||x — 2/ 1 1 < tII^II- Then 

||(ad(T)U M„®id M J(a;)|| = ||ad(T ® J s )(x)|| 
(2.17) < 2||T<8) 7 s ||||x-y|| < 2||T||7||x||. 

In particular, this holds for x G A <g> CI n <g> ML,, and so (12361) gives d(T, A' ® M„) < ||T||7, 
as claimed. 

The second statement is an immediate consequence of the previous paragraph and Prop- 
erties TEA (i). □ 

A von Neumann algebra M is said to have property D* k for some k > if , for every 
faithful normal unital representation n : M — > !B(CK) we have d(T,ir(M)') < k 1 1 ad (T) \ n (M)\\ 
for T G When M is a Hi factor, the existence of such a A; is equivalent to the 

similarity property (this combines [57], and the folklore result that it suffices to consider 
normal derivations and representations in the derivation problem and similarity problem 
for IIx factors respectively). Further, it dates back to |2T] that property D* k enables one 
to take commutants of near inclusions of von Neumann algebras. Here we note that this 
argument automatically gives completely bounded near inclusions of commutants and record 
the estimates in the context of property Gamma factors for later use. 

Proposition 2.2.4. Let M,N C 23 (CK) be von Neumann algebras acting nondegenerately on 
•K. 

(i) Suppose that M has property D k for some k > and M C 7 iV for some 7 > 0. Then 
N' C c6>2fc7 M' and M C c6j2fc7 N. 

(ii) Suppose that M is a Hi factor with property Gamma and M C 7 iV for some 7 > 0. 
Then N' C c6)57 M' and M C c6 57 N . 

Proof. (0). Fix n G N and T G N' ® M n C B(J{ ® C n ). Applying property D* k to the 
amplification M ® I n acting on "K <g> C n , we see that d(T, M' ® M n ) < A;||ad(T)| M0/n || < 
2A;7||T|| (where the last estimate arises from M C 7 N just as in [2U Theorem 3.1]). Thus 
N' C cfe 2fc7 M' and so M C cfe 2A . 7 AT by Proposition [21231 

([n]). This now follows immediately as Hi factors with property Gamma have length at 
most 5 and length constant (at length 5) 1 by [77, Theorem 13] and hence property D^ 2 (see 
[751 Remark 4.7] and [251 Section 2] which show that these conditions imply the stronger 
property -D5/2 in which we do not restrict to normal representations). □ 

Remark 2.2.5. The similarity degree, and hence length, of a Hi factor with property 
Gamma is 3 ([211), but at present we do not know how to use this result to improve the 
estimates in Proposition 12.2.41 

The similarity property, in its derivation form, can also be used to show that small iso- 
morphisms are necessarily spatially implemented. The first part of the lemma below is 
obtained by making minor changes to the proof of [13 Proposition 3.2] (which handles the 
case of properly infinite von Neumann algebras using property D^, 2 , and McDuff factors 
using property D^, 2 ). As property Gamma factors have property D^ 2 , the second statement 
is an immediate consequence of the first. 

Lemma 2.2.6. [TjJ] Let M be von Neumann algebra acting nondengenerately on 'K and 
suppose that 6 : M — > r B>{'K) is a * -homomorphism with \\9{x) — x|| < 7||x|| for x G M. 
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(i) Suppose that M has property D* k for some k > 1 and that 7 < 1/k. Then there exists 
a unitary u on "K such that 9 = Ad(u) and 

(2.18) IIJjc - n|| < 2 1 / 2 A; 7 (l + (1 - (fc7) 2 ) 1/2 ) _1/2 < 2 1/2 fc 7 . 

(ii) Suppose that M has property Gamma and that 7 < 2/5. Then there exists a unitary u 
on 3~C such that 9 = Ad(u) and \\I3t — u\\ < 2~ 1 / 2 5 / y. 

2.3. Standard position, the basic construction and coupling constants. Let M be 

a Hi factor on a Hilbert space !K, and let r (or tm when it is necessary to indicate the 
underlying factor M) denote the unique normal normalized trace on M. If M has a finite 
commutant on "K and there is a vector £ G 'K which is tracial for M and M' in the sense 
that the vector state (•£,£) gives the traces on both M and M', then M is said to be in 
standard position. Having specified a tracial vector £ for M in standard position, there is a 
conjugate linear isometry J (or Jm when we need to emphasize its relation to M) defined by 
extending J(m£) = m*£ to !K. This is called the conjugation operator, and has the property 
that JMJ = M'. Note that if M is in standard position on "K, then any trace vector £ for 
M is automatically tracial for M' . 

If M is in standard position on "K with a specified tracial vector £ and P C Mis any 
von Neumann subalgebra, then ep denotes the projection onto P£. The basic construction 
is then defined to be (M U {ep})" and is denoted by (M,ep). This algebra dates back to 
[98] and [20], but was first used systematically in the work of Jones [I?]. For later use, we 
list a few standard properties of the basic construction below which can be found in [U] or 
standard references (such as [38]) and then record a technical lemma. 

Properties 2.3.1. With the notation above: 

(i) ep = JepJ; 

(ii) ep commutes with P and P = M fl {ep}' ; 
(111) (M, e P )' = J m PJm; 

(iv) The map p h-> pep, p G P, is an algebraic isomorphism, and consequently isometric; 

(v) For each x G M, epxep = Ep(x)ep, where Ep denotes the unique trace preserving 
conditional expectation from M onto P. 

Lemma 2.3.2. Let M be a ll± factor with separable predual, in standard position on a Hilbert 
space 'K with tracial vector £. Let P be a von Neumann subalgebra of M satisfying P'DM C 
P. Given a unitary v G P' fl (M, ep), there exists a unique unitary u G P' fl M = Z(P) such 
that vC, = 

Proof. By [351 Lemma 3.2], ep is central in P'fl (M, ep), and so vep = epvep. Now epvep G 
Pep and so there exists an element u G P such that epvep = uep. Since ||epvep|| < 1, it 
follows that ||m|| < 1. Additionally, 

(2.19) t>£ = t>ep£ = epvep^ = wep£ = w£, 

and so ||m£||m = ||^£||jc = 1- Combining this with ||w|| < 1, we see that u is a unitary since 
I — u*u > and has zero trace. If y G P is arbitrary, then 

(2.20) uyi = uyepi = ue P yi = e P ve P yi = ye P ve P £ = yue P i = yu£, 

since v and ep commute with y. Since £ is a separating vector for M, uy = yu and so 
u G P' fl M = Z(P). The separating property of £ also ensures that u is unique. □ 
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The coupling constant of a nondegenerate action of a Hi factor M on a Hilbert space "K 
dates back to Murray and von Neumann [BS1 Definition 3.3.1] and was subsequently used 
by Jones to define the index of a subfactor [47J. Given a nonzero vector r\ E 'K, write 
for the projection in M' onto the subspace Mr] and for the projection in M onto 
M'r]. If M' is also a finite factor, with faithful normalized trace tw, then the quantity 
dimj^(!K) = tm(g¥ )/rM'(e^ f ) is independent of the choice of nonzero r\ E 'K (see [331 Part 
III Chapter 6] for example) and referred to as the coupling constant of M on K or the Ad- 
dimension ofK. When M' is a II^ factor, set dim^i'K) = oo. We recall some properties of 
the M-dimension from [331 Part III Chapter 6]. 

Properties 2.3.3. Let M be a Hi factor acting nondegenerately on "K. 
(i) If p' is a projection in M' , then diniMp' (i 9 '^-) = 7~m'(p0 dirnjvf(lK). 
(ii) If p is a projection in M, then dim P M P (p^) = diniM (JK)/tm{p)- 
(Hi) M acts in standard position on Ji if and only if dim m (IK) = 1. 

(iv) //dinijv/(3-C) > 1, then there is a tracial vector £ E "K for M , in the sense that tm{x) = 

(v) If dim. Mi'K) < m GN, then there is a set of m- cyclic vectors for M on %. 

2.4. Some approximation estimates. We need some standard results for approximating 
unitaries and projections in the sequel. Lemma [2.4.11 is a consequence of [561 Lemma 1.10] 
(it follows by noting that the function a(t) used there satisfies a(t) < \r2t for < t < 1), 
and Lemma 12.4.21 is the usual estimate in the Murray- von Neumann equivalence of close 
projections (see [631 Lemma 6.2.1] for example). 

Lemma 2.4.1. Suppose that 7 < 1 and let M C 7 N be a near inclusion of von Neumann 
algebras sharing the same unit. 

(i) Given a unitary u E M, there exists a unitary v <E N with \\u — v\\ < VzT- 
(ii) Given a projection p E M , there exists a projection q E N with \\p — q\\ < 2 _1 / 2 7. 

Lemma 2.4.2. Let p and q be projections in a von Neumann algebra M with \\p — q\\ < 1. 
Then there exists a unitary u E M with upu* = q and \\u — I M \\ < v2\\p — q\ . 

Lemma 3.6 of [26] examined the center-valued traces on close finite von Neumann algebras. 
The next lemma gives improved estimates in the special case of close Hi factors. 

Lemma 2.4.3. Let M and N be Hi factors acting nondegenerately on a Hilbert space !K 
and satisfying M C 7 N C 7 M for a constant 7 < 2 -3 / 2 . Let P C M R iV be a diffuse von 
Neumann algebra containing I<y{. Then Tm\p = Tn\p- 

Proof. Let p\ E P satisfy tm(pi) = 1/2, and choose a unitary v E M so that vp±v* = I^—pi- 
By Lemma [2.4.11 @ we may choose a unitary u E N so that \\v — u\\ < -v/27. Then 

(2.21) \\vpiv* - upiu*\\ < 2\\v - u\\ < 2^7 < 1 

by the choice of the bound on 7. Thus upiu* and I^ — p\ are equivalent projections in N so 
r N (pi) = rjv(uj9in*) = t n (I k —Pi), proving that rjy(pi) = 1/2. 

Now consider p 2 E P with r M (p 2 ) = 1/2 2 and choose p\ E P so that p 2 < P\ and Tm{pi) = 
1/2. Since Tjv(pi) = 1/2, the normalized traces on p\Mp\ and p\Np\ are respectively 2tm 
and 2tn- Applying the argument above to p 2 E p\Pp\ C (piMpi) fl (piNpi), noting that 
P\Mp\ C 7 piNpi C 7 piMpi, gives tm{j>2) = tn{j> 2 ) = 1/2 2 . We may continue inductively 
to obtain that Tyi {j>n ) = TN^Pn) for any projection p n E P with rju(Pn) = l/2 n , n > 1. The 
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span of such projections is weak*-dense in P, so the result follows from normality of the 
traces. □ 

Lemma 2.4.4. Let M and N be Hi factors acting nondegenerately on a Hilbert space Ji 
with M C 7 N for some 7 < 1. Let $ be a state on 23 (IK) extending tn- Then 

(2.22) \t m (x) -$(x)\ < (2 + 2V2)tNI < xeM\{0}. 

Proof. Fix x in the unit ball of M and a unitary u G M . Choose y G N with ||x — < 7 
and, by Lemma [2.4.11 @, a unitary v £ N with ||w — t>|| < v / 2 _ 7- Then 

IIkxm* — t>yt>*|| = — vxv* + v(x — y)v*\\ 

< \\v*ux — a;t>*-u|| + \\x — y\\ 

< 2\\v*u - I K \\ + ||x - y\\ 

(2.23) = 2\\u - u|| + \\x - y\\ < (2a/2 + 1)7, 
and so 

\$(uxu*) - $(x)| < \§(uxu*) - ®(vyv*)\ + \<f>(vyv*) - $(y)| + \$(y) - $(x)\ 

(2.24) < (1 + 2^)7 + 7 = (2 + 2^)7 < 57, 

since $>(vyv*) = Tx(vyv*) = tn{v) = &(y)- The Dixmier approximation theorem (see [531 
Theorem 8.3.5]) shows that tm{x)I% is a norm limit of convex combinations of elements of 
the form uxu* . The estimate f !2.22j) follows immediately. □ 

In a similar vein to the previous lemma, close inclusions inside Hi factors have close relative 
commutants (see [191 Proposition 2.7] which states Lemma [2A5] when M = N). Recall that 
if P is a unital von Neumann subalgebra of a Hi factor M, then the unique TM-preserving 
conditional expectation Ep, nM from M onto P' D M satisfies the condition that E P > nM (x) 
is the unique element of minimal || ■ ||2-norm in the || ■ ||2-norm closure of the convex set 
co{uxu* : u G U(P)} C L 2 (M) for each x G M (see [961 Lemma 3.6.5 (i)], for example). 

Lemma 2.4.5. Let M and N be Hi factors acting nondegenerately on a Hilbert space Jt 
and suppose that PCM and Q C N are unital von Neumann subalgebras. 
(1) Suppose that M C 7 iV and Q C s P. Then P' n M ^ 2 j28 +1 Q' n N - 
(ii) Suppose that M C c6i7 JV and Q C s P. Then F'nl Q chj2 Vn+ 1 Q n N - 

Proof. @. Given x G P' fl M with ||x|| < 1 choose y G iV with \\x — y\\ < 7. For a unitary 
v G Q use Lemma 12.4.11 @ to find a unitary u £ P with ||« — u|| < a/25. Noting that 
uxu* = x, we obtain the estimate 

— x|| < * — t> xt>* || + — 

(2.25) < \\y-x\\ +2\\v-u\\ < 7 + 2^25. 

Since EQi n j^(y) is a strong operator limit of convex combinations of elements vyv* for uni- 
taries v G Q, it follows that ||^Q'nJv(z/) — #11 < 2\/25 + 7, as required. 

flu]). Fix n G N. We have P <g> CI„ CM® M n and Q <g> CI n C iV <g> M n and the near 
inclusions M ® M n C 7 iV <g) M n , P ® CI n C 5 Q g> CI n . By part © we have 

(2.26) (P'nM)®M n = (P®C/ n )'n(M®M„) c 7+2V2 - 5 (Q®C/ n )'n(iV®M n ) = (Q'nN)®M n . 

Since n was arbitrary, the completely bounded near inclusion P' D M C^^/^ Q' n N 
holds. ~ ' " □ 
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2.5. Group cohomology and crossed products. Recall that if a : T r\ X is an action 
of a countable discrete group F on an abelian group X, then we have a cochain complex 
C n (T,X) = {/ : T n ->■ X} with coboundary map 9 : C n (r,X) -> C n+1 (r,X) given by 

n-1 

9(f)(go, ...,g n ) =otgo(f(jgx, ■ ■ -,g n )) + 2(-l) t+1 /(0o, • • • , 9i-i, 9*9i+i, 9*+2, ■■■,g n ) 

(2.27) +(-ir +1 f(g ,...,g n _ 1 ), feC n (T,X), g ,...,g n eT, 

inducing the cohomology groups H'(T,X). These are defined as follows. The map <p 6 
C n (r, X) is an n-cocycle if d<p = 0, while it is an n-coboundary if there exists ip G C n_1 (r, X) 
so that = dip. The spaces of n-cocycles and n-coboundaries are denoted respectively 
Z n (T,X) and B n (T,X), and the n th cohomology group is defined as Z n (T, X)/B n (T, X). 
When X is a normed vector space, the bounded cochains 

(2.28) CZ(T,X) = {feC n (r,X):\\f\\= sup ||/(^, . . . , g n )\\ < oo} 

define a subcomplex of C'(T, X) which gives rise to the bounded cohomology groups H'{T, X). 
When X is a Banach space and the bounded cohomology group Hg(T, X) vanishes, the open 
mapping theorem shows that there exists a constant K > 0, with the following property: 

(2.29) W> G Z 6 n (r,X), 30 G C 6 " _1 (r,X) such that ip = d(f) and ||0|| < K\\i/;\\. 

The cohomology groups of relevance to this paper arise from the action a : T r\ P of a 
countable discrete group T on a von Neumann algebra P with a separable predual. This 
restricts to an action of T on the abelian group U(Z(P)) of unitaries in the center of P and so 
we can consider H 2 (T, 1L(Z(P))). Concretely, a function uj : V x Y — > Z(U(P)) is a 2-cocycle 
if 

(2.30) a g (co(h,k))cj(gh,k)*co(g,hk)cj(g,h)* — Ip, g,h,kET. 

Two 2-cocycles a; and uj' are cohomologous if they differ by a coboundary, in the sense that 
there exists v : T — y VL(Z(P)) with 

(2.31) u'(g, h) = a g (v(h))v{gh)*v{g)u{g, h), g.heY. 

The second cohomology group H 2 {T,11(Z(P))) consists of the equivalence classes of the 
group Z 2 (T, IL(Z(P))) of 2-cochains under the relation of being cohomologous. Recall that a 
2-cocycle u is normalized if u (g, h) is trivial when either g = e or h = e and every 2-cocycle 
is cohomologous to a normalized 2-cocycle, so there is no loss of generality in restricting to 
normalized cocycles. 

Given a 2-cocycle uj G Z 2 {T,U(Z(P))), the twisted crossed product von Neumann algebra 
P Xa,uj T is a von Neumann algebra generated by a unital copy of P and unitaries (u g ) g€ r 
for which there is a faithful normal conditional expectation E : P x a ,oj T — > P and for which 
the conditions 

(2.32) UgXU* = a g (x), x G P, g G T, 

(2.33) u g u h = uj(g,h)u gh , g,heT, 

(2.34) E(u g ) = 0, g G T, g ^ e, 

hold. If in addition uj is normalized, then u e is the identity operator. The crossed product 
is usually constructed concretely starting from a faithful representation of P, but for our 
purposes all that matters is that these algebras are characterized by conditions (12.321) and 
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(I2.34p above with the cocycle being obtained by f!2.33j) (see [151 HOP] for example). The 
isomorphism class of the crossed product only depends on the cohomology class of the cocycle 
u. We sketch these well known facts below. 

Proposition 2.5.1. Let a : T rx P be a trace-preserving action of a countable discrete group 
on a finite von Neumann algebra P with a separable predual and let u G Z 2 (Y,U(Z(P))). 

(i) Suppose that a finite von Neumann algebra M is generated by a unital copy of P and 
unitaries (u g ) g& r with u e = Ip and there is a faithful normal trace-preserving expectation 
Ef : M P so that MTM) . fiTS® hold and u g u h G Z(P)u gh for g,h eY (this last 
condition is automatic if P' D M C P). Then M is * -isomorphic to P X aj0J Y where u 
is a normalized 1-cocycle given by Ii2.33\) . Further, an isomorphism can be found which 
identifies the two copies of P and maps the unitaries u g in M to the canonical unitaries 
in the crossed product P xi a jtJ Y. 

(ii) If u,u' G Z 2 (Y,U(Z(P))) are cohomologous, then P x a>w Y and P Y are *- 
isomorphic. 

Sketch of the proof. @. Note that by (12.321) UhU g xu*u* h = u g hxu* h for all x G P so that 
u* gh u g u h eP'fl M. Thus ifP'HMCP, then u g u h G Z(P)u gh for all g,heY. 

Now let U be the subgroup of tl(M) generated by the w g 's and U(Z(P)). Then U(Z(P)) 
is normal in Ho- Define u(g,h) = u g UhU* h which lies in U(Z(P)) by the assumption that 
u g Uh G Z(P)u gh . This last assumption, the fact that u e = Ip and condition (I2.34p can be 
used to show that for g G Y the cosets u g U(Z(P)) are distinct. Thus the quotient Uo/U(Z(P)) 
can be canonically identified with Y giving rise to the extension 

(2.35) 1 ->■ U(Z(P)) ^ Ho 4 r ^ 1 

which induces the action a on U(Z(P)) by (12.321) . Since g i— > u g is a set theoretic right 
inverse of the quotient map q, it follows that u is a normalised 2-cocycle (see [SJ Chapter 
IV]). 

Now represent M in standard position on L 2 (M) and P y\ Q)U) Y in standard position on 
L 2 (P) ® £ 2 (Y). The relation fl2T32l shows that the collection M of finite sums ^ s6 r x g u g 
with x g G P is dense in M. Further, as Ep 1 is a trace-preserving conditional expectation 
satisfying (I2.34p . the map U : M ->> P x a , w Y given by U (J2 g ^r x g u a) = J2 g er x 9 v 9 (where 
(v g ) g( zr are the canonical unitaries in P >i ajU1 Y) is 2-norm isometric. Thus we can extend 
Uq to a unitary operator U : L 2 (M) — > L 2 (P) g) £ 2 (Y). It is then readily checked that 
UMU* = P y\ a>U j Y and Nd{U) has the desired properties. 

(Jn]). Suppose that w,u/ G Z 2 (Y ,\L{Z(P))) are cohomologous via v : Y — > IL(Z(P)) 
satisfying (I2.3ip . Let (u g ) ge r be the canonical unitaries in P x aA , Y and define v g = 
v{g)u g G U(P y\ a ^ Y). It is easy to see that P x ajW Y is generated by (P U {v g : g G Y}), 
v g xv* = Oi g {x) for x G P, Ep{y g ) = for g ^ e and v g VhV* h = oo'(g, h). By the previous part 

P\J = PV r ' D 

If the the unitary-valued cocycles used to define twisted crossed products contain a com- 
mon spectral gap, then we can take a logarithm to obtain bounded cocycles. The easy lemma 
below collects this fact for later use. 

Lemma 2.5.2. Suppose that a :Y rx P is a trace preserving action of a discrete group on 
a finite von Neumann algebra P with a separable predual. Let u> G Z 2 (Y, VL(Z(P))) satisfy 
supper W^ig, h) - I P \\ < y/2. 
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(i) The expression ip = —ilogu defines a bounded cocycle in Z 2 (T,Z(P) sa ). 

(ii) Ifip = dcj) for some <fi G C 1 (r, Z(P) sa ), then u = dp, where u(g) = e* 9 ^ is a 1-cochain 
znC7 1 (r,U(Z(P))). 

(Hi) Regarding ip as a cocycle taking values in L 2 (Z(P)) sa , if ip = dip for some G 
C 1 {T,L 2 (Z(P)) sa ), then u = dv for v(g) = e^ 9 \ 

Proof. (JI]). Let log : T \ { — 1} — > iM. be the continuous logarithm with log(l) = 0. For 
each g,h G T, the spectrum of u(g, h) lies in the domain of log, so we can define ip(g, h) = 
—i\og(u(g, h)) G Z(P) sa . Note that \\ip\\ < ir/2. For g,h,k G T, the spectra of the operators 
a g (u)(h, k)) and cu(g, hk) are contained in {z G T : \z - 1| < V2} = {e 10 : -tt/2 < 9 < vr/2} 
so that 

(2.36) log(a 9 (u;0, k))u{g, hk)) = log{a g {u{h, k))) + log{u{g, hk)). 
Approximating the logarithm function by polynomials, we have 

(2.37) logKM/i, k))) = a g (\og(oo(h, k))) 
and this leads to the equation 

(2.38) a g (log(co(h, k))) + log(u(g, hk)) = log{a g {u{h, k))u(g, hk))). 

Similarly, \og(u(gh, k)) + \og(u(g, h)) = log(uj(gh, k)u(g, h)), so ip satisfies the cocycle iden- 
tity 

(2.39) a g {i>{h, k)) - i;(gh, k) + ^{g, hk) - ^{g, h) = 0, g, h, k G T, 

and so defines an element of Z 2 (T, Z(P) sa ). 

On]). When ij) = d(p for some G C 1 (T , Z(P) sa ) , we have <9exp(z0) = exp(id(p) = uj as 
Z(P) is abelian. 

( pH|) . This is similar to (Jn]). Regard ip as an element of Z 2 (T, L 2 (Z(P)) sa ). If we have ip = 
dtp for some <fi G C 1 (T , L 2 (Z(P) sa )) , then u = e %9 ^ = (9exp(i0), noting that exponentiating 
an element of L 2 (Z(P)) in this fashion produces a unitary element of Z(P). □ 

We will be most interested in those crossed products M which are Hi factors and the 
subalgebra P satisfies P'flMCP. There are two well known sets of conditions which give 
rise to this situation. 

(1) The twisted version of Murray and von Neumann's classical group- measure space 
construction from |65j. We take P = L°°(X,fi) to be an abelian von Neumann 
algebra and the action a : T rv P to arise from an ergodic, probability measure 
preserving action T rx (X,fi). The resulting twisted crossed product P x Q aJ T is a 
Hi factor under the additional hypothesis that the action is essentially free (meaning 
that the set {x G X : g ■ x = x} is /i-null for all g G T, g ^ e). In this case, P is 
a maximal abelian subalgebra of P xi auj T (see the discussion of crossed products in 

TO- 

(2) When P is a Hi factor and a : T rx P is an outer action (in the sense that a g is not 
inner for g ^ e), then the crossed product P x Q T is again a Hi factor and P is an 
irreducible subfactor of the crossed product, [68J. 

To unify these situations, say that an action a : T rx P is properly outer if, for g G T with 
g e and a nonzero projection z G Z(P) with a g (z) = z, the automorphism of Pz induced 
by a g is not inner. If the fixed point algebra of the restriction of a to Z(P) is trivial, then 
we say that the action is centrally ergodic. When P is abelian, these conditions reduce to 
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freeness and ergodicity, while if Z(P) = CI they reduce to outerness. It is folklore that the 
twisted crossed products produced by trace preserving actions satisfying these conditions 
give rise to Hi factors M satisfying the key relation P' D M C P. 

Proposition 2.5.3. Let P be a finite von Neumann algebra with a fixed faithful normal 
normalized trace Tp and suppose that a :T rx P is a trace preserving, centrally ergodic, and 
properly outer action of a countable discrete group T. Then, for any oj £ Z 2 (T,U(Z(P))) , 
the twisted crossed product M = P x a , w T is a ll\ factor and P' n M C P. 

2.6. Normalizers. Normalizers were introduced by Dixmier [32] in order to to distinguish 
maximal abelian subalgebras (masas) up to automorphisms of the larger algebra. We will 
use them to study the structure of twisted crossed products. 

Definition 2.6.1. Given an inclusion PCMof von Neumann algebras, the normalizers of 
P in M consist of those unitaries u £ M with uPu* = P. These form a subgroup of the 
unitary group of M which we denote N(P C M). The subalgebra P is called singular if 
N(P C M) = U(P) and regular if N(P C M)" = M. 

Twisted crossed products provide the prototype of regular inclusions (the algebra P is 
always regular in P >i a>u T) but not all regular inclusions arise from a properly outer action 
in this way. In |38j, Feldman and Moore introduced the notion of a Cartan masa: a masa 
A C M is Cartan if it is regular and there exists a faithful normal conditional expectation 
from M onto A. Cartan masas arise from measurable equivalence relations via a generalized 
crossed product construction. We will return to this construction in Subsection I6.4[ where 
we describe a version of our main results in this setting. 

Given a Hi factor M and a regular von Neumann subalgebra P containing Im, a bounded 
homogenous orthonormal basis of normalizers (see [HU Definition 4.1]) for P C M is a 
family (u n ) n > in N(P C M) such that u = Im, Ep(u*Uj) = S^Im for all i,j > and 
Y^=o u nP is dense in L 2 (M). Note that the condition Ep(u*Uj) = for i ^ j is equivalent 
to UiP _L UjP in L 2 (M). Again, the prototypical behavior is found in the twisted crossed 
product construction where the canonical unitaries (u g ) g& G implementing the action provide 
a bounded homogeneous orthornormal basis of normalizers. More generally, such a basis can 
always be found when P is a Cartan masa in M (HI Lemma 4.2]. 

We end this section by recording a result about close normalizers from [52] in a form 
suitable for later use. 

Proposition 2.6.2. Let P C 25 (IK) be a von Neumann algebra and suppose that Mi,m 2 £ 
N(P C 23 (IK)) satisfy \\ux — it2 1| < 1- Then there exist unitaries v £ P and i>' £ P' with 
U2 = u\vv' , ||u — /jell < \/2||tti — W2II; 11^' — < (v2 + 1)11^1 — U2 1 1 ■ 

Proof. The automorphism 9 = Ad(u*-u 2 ) of P has ||^ — idp|| < 2||ui — Uz\\ < 2. By [52| 
Lemma 5], there is a unitary t> £ P with Ad(t>) = # whose spectrum is contained in the half 
plane 

(2.40) ^)>^(4-||#-idp|| 2 ) 1/2 . 
Computing ||i> — Ip\\ via the spectral radius gives 

I| V - i P \\ 2 < (1 - \ (4 - \\e - id P || 2 ) 1/2 ) 2 + 1 - Q (4 - ||d - id P f) 1/2 y 

(2.41) < 2 - (4 - ||0 - id P || 2 ) 1/2 < ||d - idp|| 2 /2 < 2||tii - m 2 || 2 . 
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Since v*u\u2 G P', we can write u 2 = U\vv' for a unitary v' G P' with \\v' — Ip>\\ < 
||v - Jp || + ||wi - w 2 || < (1 + V2)\\ui - u 2 \\. □ 

2.7. Vanishing results for bounded cohomology. Given a properly outer, centrally 
ergodic, trace preserving action a : F rx P of a countable discrete group on a finite von 
Neumann algebra with separable predual, it will be of interest to know when the bounded 
cohomology groups Hjj(F, Z(P) sa ) vanish. Examples of nonamenable groups T all of whose 
actions have this property are given by the work of Burger, Monod and Shalom. We are 
grateful to Monod for explaining to us in [62j how the results of P [63J, |6T] can be combined 
to provide such groups. Our presentation below is based on |62j . 

Recall from [60] (noting that in our situation T is discrete so issues of continuity disappear) 
that a Banach T-module is a Banach space equipped with an action 7r of G by isometries. 
The dual action on the dual Banach space E* of a T-module E gives a r op -module (the 
dual action reverses the order of multiplication). The identification g h-> g^ 1 of T with r op 
followed by it* gives a T-module structure on E* , called the contragredient of E. A coefficient 
T-module is the contragredient of a separable Banach T-module (the choice of predual forms 
part of the data). Morphisms between coefficient modules are those T-equivariant maps 
arising from T-equivariant maps at the level of preduals. A coefficient module V is called 
semiseparable [HD Definition 3.11] if there is a separable coefficient module U and an injective 
map V — > U of coefficient modules. In particular, given a trace preserving, centrally ergodic 
action a : F rx P of a discrete group on a finite von Neumann algebra with separable predual, 
the T-module Z(P) sa is the contragredient of the action a : G rx L 1 (Z(P) sa ) and so is a 
coefficient module. Further, the module Z(P) sa is semiseparable, as the canonical embedding 
Z(P) sa ^ L 2 (Z{P)) sa is the contragredient of L 2 (Z{P) sa ) -> L 1 (Z{P) sa ). The direct sum 
decomposition of Z(P) sa as RI P © Z(P)° sa , where Z{P)° sa = {z G Z{P) sa : r P {z) = 0} and 
T acts trivially on Rip, is a direct sum decomposition as semi-separable coefficient modules 
and so # fe 2 (l\ Z(P) sa ) = if and only if # fe 2 (r, Z(P)° sa ) = and H 2 (T, R) = 0. 

Let k be a local field (for example R or a non-archimedian local field such as a finite 
extension of the p-adic numbers). Let G be a connected, almost fc-simple algebraic group 
over k with rank at least 2 and let T be a lattice in G. Burger and Monod show in [H |9] 
(see the proof of [HI Corollary 24]) that i/f(r,R) is isomorphic to H 2 (G,M), the continuous 
cohomology of the underlying group G (in which the cochain complex consists of jointly 
continuous maps). This last group is known, and vanishes unless k = R and tti(G) is infinite 
(this last condition is equivalent to the canonical symmetric space arising from a maximal 
torus being hermitian). In particular, if 2 (r,R) = when T = SX n (Z) with n > 3. This 
vanishing result can be found explicitly as [6"3l Theorem 1.4] which shows further that, 
under the same hypotheses on T, H 2 (T,E) = for all separable coefficient modules E. In 
particular, this shows that when a : F rx P is a properly outer, centrally ergodic, trace 
preserving action of such a group T on a finite von Neumann algebra P with separable 
predual and finite dimensional center, then H 2 (F, Z(P) sa ) = 0. 

In order to obtain vanishing results when Z(P) sa is infinite dimensional, and so nonsep- 
arable as a Banach space, we need to use the results of [61] which handle semiseparable 
modules. Let G = Y[Gi(ki) De a finite product of connected, simply connected semisimple 
fci-groups for local fields fcj. Then, given a lattice r in G and a semiseparable coefficient 
module V for F with no invariant vectors, the bounded cohomology groups H 2 (F, V) vanish 
provided the minimal rank of each fcj-almost simple factor of Gi is at least 2 for every i (see 
[6T| Corollary 1.8], and [6TJ Corollary 1.6] for the special case of a lattice in a connected, 
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simply connected, almost simple group). In particular, we can take V = Z(P)® a in this result 
for any centrally ergodic, properly outer trace preserving action a : T r\ P on a finite von 
Neumann algebra with separable predual. 

In the case of SX n (Z), the previous two paragraphs give the following result. 

Theorem 2.7.1 (Monod). Let T = SX n (Z) forn > 3. Then, for any properly outer centrally 
ergodic trace preserving action ofT on a finite von Neumann algebra P with separable predual, 
the cohomology group H^(T,Z(P) sa ) vanishes. 

In the case of irreducible lattices T in finite products G = Y\Gi(ki) of at least 2 factors 
as above, [91 Corollary 24] shows that if|(T,]R) — when G has no hermitian factors. 
Just as above, this can be combined with the results of (61] to show that the required 
bounded cohomology groups vanish. For example, for n > 3 and a prime p, SX n (Z[l/p]) 
is an irreducible lattice in SL 3 (R) x SL 3 (Q p ), and so H% (S L n (Z[l / p]) , Z(P) sa ) = for all 
properly outer, centrally ergodic, trace preserving actions SL n (Z[l/p}) r\Pona finite von 
Neumann algebra with separable predual. 

3. NORMALIZERS OF AMENABLE SUBALGEBRAS 

Amenable von Neumann algebras were shown to be strongly Kadison-Kastler stable in 
[18| |89| 03]. In this section, we exploit this result, and its extension to near inclusions [21] 
to examine the normalizer structure of close inclusions of amenable von Neumann algebras. 
The situation we will investigate is summarized by the diagram below. 

PCM 

i i 
I / 

5-close 7-close 

> i 
i i 
i / 

Q c N 

Here M and iV are 7-close von Neumann algebras on a Hilbert space "K containing von 
Neumann subalgebras P and Q respectively which are 5-close. Our objective is to transfer 
normalizers of P in M to normalizers of Q in N. This can be done when P (and hence Q) 
are amenable or when M (and hence N) are finite (Lemma 13.2. ip . Theorem 13.2.31 then gives 
a canonical isomorphism between N(P C M)/VL(P) and N(Q C N)/U(Q) provided 7 and S 
are sufficiently small and P' D M C P. In Section 15.11 we show how these ideas can be used 
to transfer structural properties like solidity from one Hi factor to a nearby factor. 

3.1. Existing Perturbation results for von Neumann algebras. We first record the 
embedding theorems and other existing perturbation results from [JJJJ [2T] which we will 
use repeatedly in the sequel. In part ([111]) below, note that the hypothesis of the original 
statement in [T{?1 Theorem 4.1] is that d(M,N) < 1/8, however the proof only needs the 
hypothesis M C 7 N and iV C 7 M given here. 

Theorem 3.1.1. (%) ( [211 Theorem 4.3, Corollary 4.4]j Let P be an amenable von Neu- 
mann subalgebra of S(IK) containing 1%. Suppose that B is another von Neumann 
subalgebra o/S(IK) and P C 7 B for a constant 7 < 1/100. Then there exists a unitary 
u e (P U B)" with uPu* C B, - u\\ < 1507 and \\uxu* — x\\ < 1007||x|| for x e P. 
If, in addition, 7 < 1/101 and B C 7 P, then uPu* = B. 
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(ii) ( \21\ Corollary 4.2]) If M,N C !B(3-Q are amenable von Neumann algebras containing 
I'K and M C 7 N for a constant 7 < 1/8 then there is a unitary u E (M U N)" such 
that 1 1 /;h — u|| < I27 and uMu* C AT. Additionally, if N C 7 M iaen n may 6e chosen 
to also satisfy uMu* = N . 
(Hi) ( \19\ Theorem 4.1]J // P ana 1 Q are unital von Neumann subalgebras of a finite von 
Neumann algebra M satisfying P C 7 Q C 7 P for a constant 7 < 1/8 then there is a 
unitary u E (P U Q)" C M un£/j ||/ M — u|| < 77 st/cn taai nPn* = Q. 

3.2. Transferring normalizers. The next lemma embarks on the process of relating nor- 
malizers of an inclusion P C M to those for a nearby inclusion Q C A/". Although we will 
only be using these results for amenable subalgebras, we have stated them in full generality 
whenever possible. 

Lemma 3.2.1. Let M and N be von Neumann subalgebras of M("K) containing /ft and 
satisfying M C 7 A" C 7 M for a constant 7 > 0. Let PCM and Q (1 N be von Neumann 
subalgebras satisfying P Cs Q Cs P for a constant 5 > 0. 

(i) Suppose that P and Q are amenable and that 25 + 5 2 + 2 1/27 < 1/8. Given v G N(P C 
M), there exists v' G N(Q C AT) win ||u - < 255 + 25^7- 

(ii) Suppose that M and N are finite von Neumann algebras, and that 2o" + o" 2 + 2v / 2 _ 7 < 1/8. 
Then the conclusion of @) holds with the improved estimate \\v —v'\\ < 155 + 15a/2~7- 

(Hi) Suppose that P is amenable, that 7 < 1/(2a/2) and that Q = P. Given v G N(P C M), 

there exists v' G K(P C N) such that \\v - v'\\ < (4 + 2V2)7- 
(iv) Suppose that P and Q are amenable. Given v G 3\f(P C M) and v' G N(Q C AT) win 

|| f — < 1 — 245, there exist unitaries u G (P U Q)", w E P and w' G P' satisfying 

\\u-Ix\\ < 125, ||w-/ft|| < 2^(245+ ||n-n'||), ||w'-/ft|| < (2 1 / 2 + 1)(245 + ||v 

and u*v'u = vww' . 

Proof. (EJ)- (Ell) . Let n G N(P C M) and choose a unitary u E N with ||a — n|| < v2~7 
by Lemma 12.4.11 (EJ). Fix 2 G Q with ||s|| < 1, and choose y G P so that ||s — y|| < 5, 
in which case ||y|| < 1 + 5. Then Htm;* — t>y^*|| < 5 and ||na;u* — tm>*|| < 2\/27 so 
||nxn* —vyv*\\ < 5 + 2a/27- Since vyv * G P, there exists x\ E Q with — xi\\ < 5(1 + 5), 

and so ||nxn*— x\\\ < 25 +5 2 + 2\[2^. This shows that uQu* C 2 s+s 2 +2^7 Q < -25+<5 2 +2 v / 27 U Q U * \ 
where the second near inclusion follows by applying the same argument to v* and u* . 

For ([!]) we are assuming that P and Q are amenable, so from Theorem 13.1.11 ([n]), there 
exists a unitary w E N so that wuQu*w* = Q and ||/ft — io|| < 12(25 + 5 2 + 2^/27). Define 
n' = wti G N(Q C /V). Then 

\\v — v'\\ = \\v — wu\\ 

< \\v — u\\ + ||/ft — w\\ 

(3.1) < 245 + 125 2 + 25^7 < 255 + 25^7 

since 5 < 1/16. This proves ®. 

For (Jn]) we assume that M and A" are finite von Neumann algebras with no restrictions on 
P and Q. The counterpart of the unitary w above may now be chosen so that ||/ft — w\\ < 
145 + 752 + 14 ^7 using Theorem 13.1. II (lm|) . leading to the estimate \\v — v'\\ < 155+15^7- 
This proves (jn]). 

(Imj) . Now suppose that P is amenable and P = Q. If v E K(P C M), then Lemma 
12.4.11 @ allows us to choose a unitary u E N with ||i> — n|| < v27. Thus x >-)■ u*vxv*u 
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defines an isomorphism of P into N with \\(f>(x) — x\\ < 2\\u — v\\ < 2y/2^ < 1 for x E P, 
\\x\\ < 1. From [T8l Theorem 4.2], there exists a unitary wGiVso that <p(x) = wxw* and 
|| w — I-k\\ < 47. Define v' = uw E N(P C N) and estimate 

||t> — = ||f — uw\\ = \\w — U*f|| 

< \\w - I K \\ + - M*f II 

(3.2) < 4 7 + y/2y = (4 + ^2)7, 
as required. 

(JrvJ). The hypothesis carries an implicit assumption that <5 < 1/24, so Theorem 13.1.11 (In} 
allows us to choose a unitary u E (P U Q)" with ||w — Jjc|| < 125 and uPu* = Q. Let 
Mi = -u*f 'u and U2 = v which both normalize P. Then 

|| M i — W2II < IIm*^'^ — it*fu (I + ll^/ww — v\\ 

(3.3) < \\v' - v\\ + 2\\u - J M || < ||v' - u|| + 245 < 1. 

By Proposition 12.6.21 there exist unitaries w G P and m/ G P' with u\ = U2WW', \\w — < 
v2||^i — M2II and \\w' — < (a/2 + 1)||mi — u 2 \\- Thus u*v'u = vww' with \\w — 7^1 1 < 
72(11^-^11+245) and \\w' - 7 M || < (v 7 ^ + l)(||u - + 24(5). □ 

Lemma 3.2.2. Let M and N be von Neumann algebras acting nondegenerately on a Hilbert 
space 'K and suppose that M C 7 iV C 7 M where 7 > 0. Let PCM and Q C iV be von 
Neumann subalgebras where P C§ Q C§ P for a constant 5 > 0. Suppose that 7<5 + 3y / 27 < 1 
and that one of the following statements holds: 

(a) P and Q are both amenable. 

(b) M and N are both finite. 

Then: 

(i) P'HMQP if and only if Q' n iV C Q; 
(ii) P is a masa in M if and only if Q is a masa in N . 

Proof. ©. Fix e > such that 75 + 3^7 + e < 1. We will argue by contradiction, so 
suppose that P' fl M C P but that Q' N strictly contains Z(Q). Since the quotient map 
of Q' fl iV onto (Q' fl N)/Z(Q) has norm 1, we may choose a unitary ?i 6 Q' n iV so that 
|| — z\\ > 1 — e for all z G 2,(Q). By Lemma 12.4.11 (JTJ) , there is a unitary t> G P so that 
||« — v\ < "v/27. Let w G P be an arbitrary unitary and choose y G Q such that ||w — y\\ < 5. 
Then 

||ttwu>* — v\\ = \\wv — vw\\ < \\wu — uw\\ + 2\/2'-f 

(3.4) < \\yu - uy\\ + 25 + 2V2-f = 25 + 2^2-/ 

since ?/ commutes with u. In case ([a]), when P is amenable, we average this inequality over 
a generating amenable unitary subgroup of P to obtain an element zp G P' fl M = 2,(P) so 
that ||zp|| < 1 and \\zp — u|| < 25 + 2y/2 / y. In case (jbj), when M is finite, we use the fact that 
the conditional expectation Ep, nM (v) is a weak*-limit point of convex combinations of the 
form J2i=i w i vw i f° r unitaries w j G P to obtain such a zp = Ep, nM (v) satisfying the same 
estimates. Now choose x G Q with ||x — Zp|| < <5. For any unitary w\ G Q, choose yi G P 
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with \\w\ — yi\\ < 5. Then 

— x\\ = \\wix — xwi\\ < \\wiZp — zpWi\\ + 25 

(3.5) < \\yizp - zpyi\\ + 45 = 45 

since y\ commutes with zp. A second averaging argument in Q gives an element zq G Z(Q) 
satisfying \\zq — x\\ < 45. The identity 

(3.6) U - Zq = (it - v) + (v - Z P ) + (z P - x) + (x - Zq) 

yields the estimate ||«— 2q|| < V2j+ (25+2^7) +5+45 = 75+3^7- Since > l-e, 

we obtain the contradiction 75 + 3y / 2 _ 7 + e > 1, proving @ since it is symmetric in M and 
N. 

flu]). This will follow from @ once we know that Q is abelian. In [511 Corollary C] it is 
shown that algebras within distance 1/10 of an abelian C*-algebra are necessarily abelian. 
The argument below improves the estimate in this result. 

Let u G Q be a unitary and consider an element x G Q with ||x|| < 1. Then choose 
2/1)2/2 £ P with ||it — 2/1 1| , \\x — 2/2 1 1 < 5. Since 2/1 and 2/2 commute and are both bounded in 
norm by 1 + 5, it is easy to estimate that 

(3.7) \\uxu* -x\\ = \\ux - xu\\ < 25 + 25(1 + 5) < 65 < 6/7. 

Averaging over Q using either amenability of Q or finiteness of iV as in part (JTJ) gives an 
element z G Z(Q) such that \\z — x\\ < 6/7. Thus the quotient map of Q onto Q/Z(Q) has 
norm at most 6/7 and we conclude that Q = Z(Q) so is abelian. □ 

We now obtain an isomorphism between the quotient groups N(P C M) /U(P) and N(Q C 
N)/U(Q) provided P' n M C P. Write [d] for the coset of a normalizer u G N(P C M) in 
the quotient group K(P C M)/U(P). 

Theorem 3.2.3. Let M and AT 6e won Neumann algebras containing 1% on a Hibert space 
!K satisfying M C 7 A" and N C 7 M /or a positive constant 7. Let P G M be a won Neumann 
subalgebra satisfying P' D M C P and let Q C N be a von Neumann subalgebra such that 
P Gs Q and QqP /or some 5 > 0. Suppose that one of the following statements holds: 

(a) M and N are both finite and 

(3.8) 2(15V^7 + 155) + V25 < 1; 

(b) P and Q are both amenable and 

(3.9) 2(25^7 + 255) + V25 < 1. 
Then there is a group isomorphism 

(3.10) : K(P C M)/U(P) ->• N(Q C N)/U(Q) 

such that, for each v G N(P C M), 0([u]) aas a representative w G N(Q C AT) wtt 

,, ,, I 15\/27 + 155, zn case ([aj); 
3.11 \\w — v \\ < < ._. 

v ; 11 11 ^25^7 + 255, %n case ©. 

Proof. In both case ([a]) and case (jbj), Lemma [3.2.21 (El) applies to show that Q' fl A" C Q. 

Note that if w,w' G N(Q ^ AT) have ||io — w'\\ < 1, then Proposition 12.6.21 gives unitaries 
q G Q and q' G Q' with it;' = wqq' . Since g' G Q' fl A" C Q, it follows that [w] = [w']. 
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Similarly two normalizers v,v' G N(P C M) with \\v — v'\\ < 1 represent the same element 
of K(P C M)/U(P). 
Define 

/n , nN f 15^7 + 155, M and AT are finite; 

(3.12) a = < / _ 

I 25 v 27 + 255, otherwise. 

For each v G N(P C M), Lemma [3.2.11 gives a unitary w G N(Q C AT) with ||u — w\\ < a 
(using part flu]) in case (jsj) and part ® in case (jEJ)). We shall define 9 by 6([f]) = 
where w is such a normalizer. Given another normalizer w' G N(Q C A/") with ||u — < a, 
we have ||u> — iw'|| < 2a < 1 so that [w] = [w'} and the definition of 9 does not depend 
on the choice of w. Now suppose that v' G 3\T(P C M) has [i>] = [v'] so v = v'u for some 
u G U(P). By Lemma [2.4.11 (JI|), there exists a unitary wi G U(Q) with \\u — Wi|| < y28. Let 
w, w' G 3\f(Q C N) have — v\\, \\w' — v'\\ < a. Then 

(3.13) \\w — w'ui\\ < \\w — v\\ + \\v'u — w'u\\ + ||n/ti — < 2a + a/25 < 1, 

so that [w] = [w'ui] = [w']. Therefore 9 is well defined. 

For v,v' G 3\f(P C M) choose w,w' G N(Q C AT) with ||u — \\v' — w'\\ < a. Then 
\\vv' — ww'\\ < 2a < 1 so 

(3.14) 9(K]) = [ww'\ = [w][w'\ = 0([v])®([v']), 

showing that 9 is a group homomorphism. Interchanging the roles of M and N, we can 
define a group homomorphism * : N(Q C N)/U(Q) -)> N(P C M)/U(P) by *(H) = [u] 
where f G N(P C M) and it) G K(Q C A/") have ||t> — < a. In this way ^ is the inverse 
of 9 and so 9 is bijective. □ 

4. Reduction to standard position and Cartan masas 

Given two close Hi factors M and iV on a general Hilbert space JK, our objective in this 
section is to show how we can construct close isomorphic copies of these algebras on a new 
Hilbert space % so that they both act in standard position on %. Difficulties arise because 
the usual strategy of changing representations by amplification and compression must be 
employed in a fashion compatible with both algebras. In particular, as we do not assume 
that M' and N' are close on "K, we must take care in compressing by projections in M'\ 
these need not be close to projections in N' . This suggests that in the cases when M' and 
N' are already known to be close, then matters are more straightforward. This is correct; 
we set out the details in Section 14731 

Gnce we have reached standard position other tasks become easier. In particular, given 
an amenable von Neumann subalgebra P C. M D N with P' PI M C P we can adjust the 
situation so that the inclusions PCM and P <Z N give the same (not just close) basic 
construction algebras. It is then straightforward to show that P is regular in M if and only 
if it is regular in N. 

4.1. Algebras in standard position. Lemma 3.7 of [26] shows that if M is a finite von 
Neumann algebra in standard position on the Hilbert space "K and A^ is another von Neumann 
algebra on 'K close to M such that M' and N' are also close, then A^ is approximately in 
standard position in the sense that its coupling function is uniformly close to 1. We start 
by showing that, working in the factor case for ease of calculation, the assumption that M' 
and N' are close is unnecessary in |26j Lemma 3.7]. 
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Lemma 4.1.1. Let M be a Hi factor acting non- degenerately on "K with dimjv/([K) < 1. Let 
N be another IL factor acting on this Hilbert space which satisfies M C 7 N and N C 7 M 
for a positive constant 7. The following statements hold: 

(i) N' C 2(lW3h M'; 

(ii) 2/7 < 1/22, then N' is finite; 
(111) ifj< 1/47, then M' C 4(1+v ^ 7 N . 

Proof. Since M has a cyclic vector on "K, this is Proposition 12. 1.61 (In]). 

OH]). Assume that 7 < 1/22 and suppose that N' is infinite. Take v G N' with v*v = 1% 
and vv* = e for some projection e 7^ Then, by part (i), there is an element w G M' with 
\\w — v\\ < 2(1 + v / 2)7, which implies that < 1 + 2(1 + v / 2)7- Since v *v = I-x-, it follows 
that 

\\w*w — = \\w*w — v*v\\ 

< \\w*w — w*v\\ + \\w*v — v*v\\ 

< (1 + 2(1 + V^)t)2(1 + V2)7 + 2(1 + V^)7 

(4.1) = (2 + 2(1 + v / 2)7)(2(l + V / 2)7), 

and similarly - < (2 + 2(1 + v / 2)7)(2(l + v / 2)7)- As 7 < 1/22, it follows that 

\\w*w — < 1/2 < 1 and so u>*u> is invertible in M'. Since M' is of type we can 
write w = u\w\, where u is a unitary. Therefore = uw*wu* also satisfies — /jc|| — 

\\u(w*w - J^)w*|| < 1/2. Thus 

(4.2) \\e — < \\vv* — ww*\\ + \\ww* — Jjc|| < - + - = 1, 

which is a contradiction. This establishes (In]). 

([m]). Assume now that 7 < 1/47. Since dimj^/(CK) > 1, there is a vector 77 G with 

(4.3) t M '(x) = (£77,77), x G M'. 

Now by (i), iV 7 C 2 ( 1+v ^) 7 M' where 2(1 + v2)7 < 1, and N' is finite by (ii). Thus we may 
apply Lemma 12.4.41 to this pair to obtain 

(4.4) |r^( 2 /)-( W ,r / )|<4(l + v / 2) 2 7||y||, yeN'. 

Let J = {y G N : yr] = 0}. Then J is a weakly closed left ideal in N' so has the form N'p 
for a projection p G N'. Since pT] = 0, we obtain 

(4.5) TN ,(p) <4(l + v / 2) 2 7< 1/2, 

as 7 < 1/47. Then tn>(I% — p) > 1/2, so p is equivalent in N' to a projection q < I-k — p. 
Choose a unitary u e N' so that wpw* = g and define ( = urj. 

Now suppose that x e N' satisfies xr] = x( = 0. Then x G J so xp = x and x(Iji —p) = 0. 
Since = 0, we have xw] = so xu G J and x« = rap. Thus, since g < — p, 

(4.6) x = xupu* = xq = x(I% — p)q = 0. 

This proves that the pair {77, (} is a separating set for N', and so {rj, (} is a cyclic set for N. 
From Proposition 12.1.61 fpT]). it follows that M' C 4 ( 1+v ^) 7 iV' as required. □ 
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With the preceding lemma we can now show that if a Hi factor M acts in standard 
position on "K, then the same is true for any close algebra N. We work in the context of 
a distinguished subalgebra A which is a masa in M and in N and satisfies JmAJm Q N'. 
In this case M, M', N and N' can be taken to have exactly the same tracial vector and so 
we can compare the basic construction algebras obtained from subalgebras of M fl N. In 
particular the inclusions ACM and A ^ N generate the same basic construction algebras 
(M, ba) = (N, 6a)- We will show subsequently that, at the cost of worse numerical estimates, 
we can reduce to the situation where such a masa A exists. 

Lemma 4.1.2. Let M be a Hi factor acting in standard position on a Hilbert space !K with 
tracial vector £ ; and let N be another Hi factor on "K. Suppose that M C 7 iV and N C 7 M 
for some constant 7 < 1/47. Suppose further that A is a masa in both M and N and 
JmAJm Q N' . Then the following hold: 

(i) £ is a tracial vector for both N and N' so that N is also in standard position on "K. 

(ii) (M U {e A })" = {JmAJm)' = {J N AJ N )' = (N U {e A })" , where J N is the modular 
conjugation operator induced from the cyclic and separating vector £ for N and ca is 
the projection onto A£. 

Proof. (E]). For each unitary «6i and y G N, we have 

(4.7) (uyu*£,£) = (yu*£,u*£) = (yJ M uJ M £, JmuJmO = (yf,0> 

as JmuJm £ JmAJm ^ N'. Since A' n N = A, the unique rjy-preserving conditional 
expectation E% : N — > A is given by taking (y) to be the unique element of minimal 
|| • ||2, r] v- norm m the || • || 2iTiV -closed convex hull of {uyu* : u G U(A)} (see [961 Lemma 3.6.5], 
for example). By convexity, (14. 7p gives 

(4.8) {y£,0 = (E%(y)£,0 = T M {E%{y)), yEN. 

Lemma [2.4.31 (which applies since 7 < 2~ 3 / 2 ) shows that t m \a = t n \a- Thus (14.81) gives 

(4.9) T N {y)=T N {E%{y)) = T M {E>[{y)) = (yU), V e N, 

so that ^ is a tracial vector for N. 

To see that £ is a tracial vector for N', note that as 7 < 1/47, Lemma 14.1.11 gives 
M' C 4(1+V 2) 7 N' and N' C 2{1+V1)l M' . Since 3^ x 4(1 + >/2) 7 < 1, Lemma I5T21 © 
shows that JmAJm is a masa of N' as JmAJm is a masa of M'. By Lemma \A. 1.11 (jn]), N' is 
finite so the estimate 4(1 + v / 2) 7 < 2~ 3//2 allows us to apply the previous paragraph to the 
pair (M',N') to see that £ is tracial for N', establishing (JI|). 

OH]). Since both M and are in standard position with respect to the same cyclic and 
separating vector £ (though with possibly different modular conjugation operators Jm and 
Jn), the Hilbert space projection from "K onto A£ used to define the basic construction 
(M, ca) from the inclusion ACMis the same projection used to define the basic construction 
from the inclusion ACiV. Now 

(4.10) J m AJm Q N' n {e A }' = (J N NJ N ) n {e A }' = J N AJ N C J N NJ N , 

where we use = Jn^aJn = Jm^aJm and A = iV fl {e^}' = M fl {e^}' from Properties 
12.3.11 (JI|) and ([n]). As we noted in the previous paragraph, J M AJ M is a maximal abelian 
subalgebra of N' = J^NJ N , giving the equality JmAJm = Jn^-Jn- Taking commutants 
gives the middle inclusion {JmAJm)' = {JnAJn)' of (ii). The two outermost equalities 
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{MVJ {ca})" = (JmAJ m )' and (JnAJ n )' = (iVUje^})" are the characterization of the basic 
construction algebra given in |4T1 Proposition 3.1.5 (i)] (see Properties 12.3.11 f lrnj) ). □ 

Next, we extend the previous result to replace the masa A by an amenable von Neumann 
subalgebra PCM with P' D M C P satisfying JmPJm Q N' and aim to show that the 
basic constructions (M,ep) and (N,ep) are equal. As a consequence, we can show that P 
is regular in M if and only if it is regular in N. To do this we use the following theorem 
of Popa from [79] Theorem 3.2]. We quote the version that appears as [96] Theorem 12.2.4] 
since this records additional information which is implicit in the original. 

Theorem 4.1.3 (Popa). Let P be a von Neumann subalgebra of a finite von Neumann 
algebra M with separable predual and suppose that P'f]M C P. If A is a finite dimensional 
abelian *-subalgebra of P, then there exists a masa A in M such that Aq C A C P. 

Lemma 4.1.4. Let M be a 11\ factor with separable predual acting in standard position on a 
Hilbert space IK with tracial vector £. Let N be a \1\ factor on "K with M C 7 N and N C 7 M 
for some 7 < 1/47. Suppose that P is an amenable subalgebra of M n N with P' D M C P 
and JmPJm ^ N 1 . Then the following statements hold, 
(i) N is also in standard position on 'K and ^ is a tracial vector for N and N' ; 
(11) (M, e P ) = (JmPJm)' = (J N PJ N )' = (N, e P ); 

(Hi) Suppose P C M is a regular inclusion with a bounded homogeneous basis of normalizers 
{un)n>o (see Section \2. 6]) and (v n ) n >o is a family of normalizers in 3\f(P C N) with 
Vo = Jk and satisfying \\v n — u n \\ < 1 for alln. Then (i> n )n>o is a bounded homogeneous 
basis of normalizers for P C N and so (P U {v n : n > 0})" = N. 

(iv) Jsf(P C M) generates M if and only ifN(P C N) generates N. 

Proof. Since P is amenable and satisfies P' fl M C P, Lemma 13.2.21 @ shows that 
P' n N C P. By Theorem I4TL31 there is a masa A in M with A C P. Then J M AJ M Q 
JmPJm Q N'. By Lemma T3. 2. 21 (!n|). A is also a masa in iV. Lemma \4. 1.21 now shows that 
is in standard position on "K with tracial vector £ and so we can define ep as the projection 
onto P£. This projection is used to define the basic constructions (M,ep) and (N,ep). 
(jn]). Arguing just as in equation (I4.10p in Lemma 14. 1.2[ we have 

(4.11) J M PJ M C iV' n {ep}' = (JiviVJ^)' D {e P }' = J^PJ^. 

For the reverse inclusion, suppose first that Aq is a finite dimensional abelian subalgebra of 
P and use Theorem 14. 1.31 to find a masa A\ in M with Aq C Ai C P. By Lemma [3.2.21 (Jn]), 
Ai is a masa in iV. Since JmA\Jm Q N' , Lemma 14.1.21 (pTj) gives JmA\Jm = JnAiJn- Thus 
JnA J n C JmA\Jm Q: JmPJm- Fix a self-adjoint operator x E P and choose a sequence 
OO^Li °f elements of P which converge to x in the weak operator topology such that 
each W*(x n ) is a finite dimensional abelian von Neumann algebra. Applying the previous 
argument with A = W*(x n ) gives J^x n J^ G JmPJm, and so taking weak operator limits, 
JnxJn £ JmPJm- This gives JnPJn Q JmPJm so these algebras are equal. The middle 
equality in (Jn]) follows by taking commutants, and the outer two equalities by applying 
Properties drnj) . 

f lm]) . For each n, apply Proposition 12.6.21 to u n and v n to obtain unitaries w n £ P and 
£ P' with u n = f n w n ^. As C (N,e P ) = (M,e P ), we have w' n £ P' n (M,e P ) and 
so, by Lemma 12.3.2^ there exist unitaries z n £ 2,(P) with «4£ = ^ n £. Thus m„£ = v n w n z n ^ 
and so we have w n P£ = v n P£. As noted in Section [2761 the condition Ep[u* m u n ) = for 
m 7^ n is equivalent to u m P^ _L u n P^. Thus the sequence (f n )n>o inherits this property 
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and so satisfies Pp(t>^t> n ) = S mjTl I. Further, Yl™=o v nP£ is dense in "K and so (t> ra )^L is a 
bounded homogeneous basis of normalizers for P C N. Note that this immediately implies 
that (P U {v n : n > 0})" = N. Indeed, if Nq C N is the von Neumann algebra generated by 
P and (v n ) n >o, consider x G iV with E$ (x) = 0. For each n > and b G P, 

(4.12) = T N {b*v* n E» Q {x)) = r N (E% {b*v* n x)) = r N {b*v* n x) = (x£,v n bO, 

since £ is a tracial vector for N. Since Yl^Lo v nP£, is dense in "K, f)4.12p gives x£ = 0, and 
hence x = as £ is separating for N. Thus N = N and P U {t> n : n > 0} generates N. 

flivl) . The hypotheses of Lemma T3.2.1I fpH|) are satisfied so given any normalizer v G N(P C 
M), there exists u G N(P C AT) with ||w — «|| < a, where a = (4 + 2 a/2) 7. Using 2a < 1 
and arguing just as in the first paragraph of (Jm}, we see that wP£ = tP£. Suppose that 
N(P C M) generates M, so that J{ = span{< : u G 3\f(P C M)}. Thus J{ = span{t;^ : v G 
N(P C iV)}. Just as in the second paragraph of (Jm}, it then follows that iV = 3\f(P C N)". 

For the reverse implication, we use parts (EJ) and (In]) to interchange the roles of M and N. 
We have already noted that P' n N C P and part (JTTJ) shows that JnPJn = JmPJm ^ M'. 
Thus if N(P C N) generates N, then N(P C M) generates M. □ 

Remark 4.1.5. (i) The hypothesis of a separable predual in Lemma f4. 1.41 is present only 
to enable us to use Theorem 14.1.31 to find a masa in M that lies in P. Consequently it 
can be dropped if P happens to be a masa in M. 
(ii) In the special case that P is a masa in M in Lemma f4.1.4l it follows immediately that P 
is Cartan in M if and only if it is Cartan in N. Alternatively, this can be read off from 
Popa's characterization of Cartan and singular masas in terms of the structure of the 
basic construction. Part (i) of the proposition in [82, Section 1.4.3] uses the equivalence 
of the algebras generated by normalizers and by quasinormalizers of a masa in [86] to 
show that a masa B in a Hi factor Q with a separable predual is Cartan if and only if 
B' fl (Q, es) is generated by finite projections from (Q,es). Thus, once we know that 
the masa P satisfies (M, ep) = (N, ep), it follows that it is Cartan in M if and only if 
it is Cartan in N. 

Given close Hi factors M and iV on a Hilbert space "K with a cyclic vector for M, the 
results of Theorem 13.1.11 combine with Lemma 14.1.21 to show that M and N have the same 
coupling constant on "K. We make the extra assumption that M and have a common 
masa, a situation to which we will reduce subsequently. 

Proposition 4.1.6. Suppose that M and N are Hi factors acting nondegenerately on "K with 
M <Z 1 N and N C 7 M for / ~f < 1/136209. Moreover, suppose that MC\N contains an abelian 
von Neumann algebra A which is a masa in M. //*dimj^f(!K) < 1, then dimAr(CK) = dim^(IK). 

Proof. Note that A is also a masa in A^ by Lemma T3. 2. 21 flu]). Suppose first that diniM(3~0 = 1 
so that M is in standard position on % with a tracial vector £ for M and M' . Since M is in 
standard position, Lemma 14.1.11 (iii) gives the near inclusion 

(4.13) JmAJm C J m MJ m = M' C 4(lWSh N'. 

The bound on 7 ensures that 4(1 + a/2)7 < 1/100, so we can apply Theorem 13.1.11 (i) to 
obtain a unitary 

(4.14) v G (J M AJ M U N')" C {J m MJ m U N')" = (M n N)' C A' 
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with vJ M AJ M v* C N' and 

(4.15) \\v - I K \\ < 600(1 + V2) 7 , d(v(J M A7 w y, J A f A/ A f) < 400(1 + v^)t 
Define iVi = v*Nv so that J M AJ M Q N[. An application of (12.21) gives 

(4.16) M C 7l N u Nt C 7l M 

where 71 := (1200(1 + y/2) + 1)7. Since A is a masa in N, it is also a masa in TVi. The initial 
bound on 7 ensures that 71 < 1/47, so we can apply Lemma [4.1.21 @ to iVi to conclude 
that Aq is in standard position on !K. Since Aq and A 7 " are unitary conjugates, we also have 
dimjv(^) = 1. 

Now suppose that dim M (CK) < 1. Choose a projection p E A with r M (p) = dim M (Ji). We 
can cut by p to obtain 

(4.17) pMp C 7 pA^p C 7 pMp. 

Since pMp is in standard position on p"K, the pair pMp and pNp are in the situation of 
the previous two paragraphs and consequently pNp is in standard position on p'K. Thus 
dmi P Mp{j)'K) = 1, and noting that rjv(p) = tm(p) by Lemma |2.4.3[ we see that dim^CK) = 
t n(p) = t m(p) = dim a/ (IK) as required. □ 

Remark 4.1.7. In the situation when M and A" are close Hi factors with close commutants 
M' and N' on "K, applying the previous proposition to one of the pairs (M, N) or (M', N') 
shows that dimjvf(IK) = dimjv(3~C). This happens when M and A^ are completely close (see 
Section H~3j) . Without assuming that M' and N' are close, one can formulate a version of the 
previous proposition under the hypothesis that dimjvf(lK) < m for m > 1. However, if we 
work in this way, then the bound on the maximum size of the near containments to which 
such a result applies will depend on m. We do not know whether there is some constant 
7o > such that any IIx factors M and Af on a Hilbert space "K with d(M, N) < 70 have the 
same coupling constant. If this were the case, then weak Kadison-Kastler stability would 
imply Kadison-Kastler stability for Hi factors. 

4.2. Changing representations to standard position. The next lemma is designed to 
handle the situation when dim^(M) is large. It enables us to cut M by a projection e G M' 
which almost lies in N' such that Me has a cyclic vector for e'K and so dim^f e (eCK) < 1. 
Once we have replaced A^ by a small unitary perturbation iVi of A^ so that e G N[, the 
results of the previous subsection will apply to the pair M and A^{ on e'K. Note that we do 
not require a finiteness hypothesis on the von Neumann algebras below. 

Lemma 4.2.1. Let M and N be von Neumann algebras acting nondegenerately on a Hilbert 
space IK with M C 7 A" and N C 7 M for a constant 7 > 0. Given a unit vector £ G "K, there 
exists a nonzero subprojection e G M' of the projection with range M( satisfying 

(4.18) dist (e, N') < 6(1 + >/2) 7 + 2((1 + v / 2)7) 1/2 , 

and if M and N are Hi factors then e may be chosen with the additional property that 
dimAfe(eK) = 1/n for an integer n. Moreover, if 7 satisfies 7 < 1/87 then there exists a 
projection f G N' and a unitary u G (M' U N')" so that 

(4.19) ||e -/|| < 12(1 + v / 2)7 + 4((l + v / 2)7) 1/2 , ||« - /jc|| < V^||e-/||, 
and ueu* = f . 
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Proof. Choose 7' < 7 which satisfies M Cy N and N Cy M. Fix a unit vector ( £ M, let 
p G M' be the projection onto M( and let g G iV' be the projection onto N(. Given x in the 
unit ball of M, choose y G N with \\x — y\\ < 7'. Since p commutes with x and q commutes 
with y, we have the algebraic identity 

(4.20) (px)pqp — pqp(px) = p(x — y)qp + pq(y — x)p, 
leading to the estimate 

(4.21) || (px)pqp — pqp{px) \\ <2\\x — y\\ < 2j', 

so\\ ad(pqp)\M P \\ < 27'. As the vector £ is cyclic for Mp acting on the Hilbert space p!K, 
Proposition 12. 1 .61 §j§ combines with ( 14.2 ip to give an element z G (Mp)' = pM'p satisfying 

(4.22) \\z-pqp\\ < 2(1 + y/2)i . 

After replacing z by (z + z*)/2 if necessary, we may assume that z is self-adjoint. Let 
e 1 G pM'p be the spectral projection of z for the interval [1 - 2(1 + a/2)7, 1 + 2(1 + ^2)7']. 
Then z{I p k - ei) < (1 - 2(1 + ^7) V- If eiC = then, since pqp( = we have a 
contradiction from 

1 = (pspC, = ((mp - 2)C, + - e x )C, 

(4.23) < 2(1 + y/2)i + (1 - 2(1 + y/2)i) < 1, 

as 7' < 7. Thus ei£ 7^ 0. From the functional calculus, ||zei — ei || < 2(1 + ^7, and so 

\\ex - eigei|| < 2(1 + v2)7 + ||zei - eigei|| 

(4.24) =2(l + v^)7+||ei(«-pgp)ei|| < 4(1 + ^2) 7 . 

There are now two cases to consider. If M is not a Hi factor then rename e\ as e, omitting 
the next step. However, if M is a Hi factor then dim Mei (eiCK) < 1 since ei( is a cyclic 
vector for Me\ on ex^K. Choose an integer n so that ndimA,/ ei (eiCK) > 1 and choose a 
projection e G e\M'e.\ so that T eiA/ // ei (e) = (ndim Mei (ei'K))~ 1 . By Properties 12.3.31 (Hj). 
dim Me (eJC) = r eiM ' ei (e) dim Mei (ei^K) = 1/n, and 

(4.25) ||e — ege|| = ||e(ei — eigei)e|| < \\ex — eiqei\\ < 4(1 + v / 2)7 
from (14.241) . This shows that (14.251) is satisfied in both cases. Thus, from ( 14.251) . 

(4.26) \\e{I % - q)e\\ < 4(1 + V2) 7 
so 

(4.27) ||(^-g)e||<(4(l + v / 2)7) 1/2 , 
and from this we deduce that 

(4.28) || (/« - q)e(Ix - q) \\ < 4(1 + >/2) 7 . 
Writing 

(4.29) e = qeq + ge(/ M - q) + (/ M - g)eg + (I K - q)e(I K - q), 
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we obtain the estimate 

||e - qeq\\ < \\qe{I% - q) + (1% - q)eq\\ + 4(1 + 

= max{||ge(/ M - g)||, - q)eq\\} + 4(1 + a/% 

(4.30) < (4(1 + V2) 7 ) 1/2 + 4(1 + \/2) 7 . 

If x is in the unit ball of iV, choose y E M with ||x — y|| < 7. Noting that 2 commutes 
with q and ?/ commutes with both e and p, the algebraic identity 

xq(qeq) = qxeq = q(x — y)eq + qyeq = q(x — y)eq + qeyq 

(4.31) = q(x — y)eq + qe(y — x)q + qeqxq 

gives the inequalities \\xq(qeq) — (qeq)xq\\ < 27 and ]|ad(q f eq f ) |iv^|| < 27. Since £ is a cyclic 
vector for Nq on gCK, Proposition 12.1.61 (JI]) provides an element t G (Nq)' = qN'q so that 
||t-geg|| < 2(1 + a/2) 7 , so 

(4.32) ||e - t\\ < ||e - qeq\\ + ||t - qeq\\ < 2((1 + v^h) 172 + 6(1 + >/2)7, 
establishing OSf . 

Define 71 = 2((1 + a/2)7) 1/2 + 6(1 + ^7, and now suppose that the inequality 7 < 1/87 
holds, which ensures that 71 < 1/2. Replacing t by (t + 1*)/2 if necessary, we may assume 
that t is self-adjoint. The Hausdorff distance between the spectra Sp(e) and Sp(t) is at 
most || e — t\\ < 71 (see for example [311 Proposition 2.1]), and so Sp(t) is contained in 
[—71,71] U [1 — 71, 1 + 71]. If / denotes the spectral projection of t for the second of these 
intervals, then ||/ — i|| < 71, giving the estimate ||e — /|| < 271 < 1. In this case Lemma 
provides a unitary u e (M' U N')" with ||w - < V^\\e - f\\ and ueu* = f. This 
establishes ( Q5jl . □ 

Remark 4.2.2. The previous lemma enables us to find a nonzero projection e G M' close 
to iV' such that Me has a cyclic vector for e("K). However, we have not been able to choose 
e so that tm' (c) is close to tm'{j>)- To see what the difficulty is, suppose that M is a Hi 
factor and ( is a tracial vector for Mp and pM'p on p(!K) so that Tm'(p) = 1- Performing 
the calculation in ( 14. 23ft more precisely leads to (-zeiC, C) > 2(1 + a/2) (7 — 7') and hence 

(4.33) r M ,(ei) = (eiC, C) > ^(zei(, () > 2(1 + ^ )(7 ~ ^ . 

V ; K ' V 7 " 1 + 2(1 + v^b' 1S ' S/ " 1 + 2(1 + ^)7' 

Thus our methods only allow us to control the trace of the projection e\ (and hence e) in 
terms of the 'gap' between 7 and 7'. 

We are now in a position to combine the previous results and show that, starting with two 
close Hi factors on a Hilbert space, it is possible to produce new close representations of these 
factors on another Hilbert space so that both are simultaneously in standard position. This 
enables us to transfer regular amenable subalgebras from one factor to its close counterpart. 
The lemma below does this in a form designed for immediate use in Section [6j We then set 
out versions of this result in a general setting and give some applications to the structure of 
close factors. 

Lemma 4.2.3. Let M and N be Hi factors with separable preduals acting nondegenerately 
on the Hilbert space "K and suppose that there is a positive constant 7 < 1.74 x 1CT 13 such that 
M C 7 N and N C 7 M. Suppose further that there is an amenable von Neumann subalgebra 
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P C Mf]N satisfying P'nM C P. Then there exists a separable Hilbert space % and faithful 
normal representations 7T : M — > 23 and p : N — > 13 (X) rai/i the following properties: 

(i) 7r(M) and p(N) are in standard position on %, and there is a common tracial vector £ 
for tt(M) ; tt(M)' ; p(iV) and p(N)'. 

(ii) 7r(M) C/3 p{N) and p(N) dp 7r(M) /or a constant (3 satisfying the estimate 

(3 < 509487 1/2 < 1/47. 

(iii) If x G M and y G iV satisfy \\x\\, \\y\\ < 1 and \\x — y\\ < 5 for some 5 > 0, then 
\\ir(x) - p(y)\\ <5 + f3. 

(iv) ir\ P = p\ P . 

(v) P'nN cp. 

(vi) P is regular in M if and only if it is regular in N. 

(vii) The basic construction algebras on % given by (ir(M), e^p)) = (7r(M) U {e 7r (p)}) // and 
(p(N) , e^p)) = (p(N) U {e 7r (p)}) // are egna/, where e 7r (p) t/ie projection from % onto 

(viii) If P C. M has a bounded homogeneous orthonormal basis of normalizers (w n )n>o ^ n 
N(P C M) and (r> n ) n > a sequence in N(P C AT) satisfying \\u n — v n \\ < \ — (3 , then 
{v n )n>o is a bounded homogeneous orthonormal basis of normalizers for P C N . 

Proof. Use Popa's Theorem (Theorem 14.1.31) to choose a masa A CP such that A is also a 
masa in M. Write M x = M, N x = N, P x = P and A x = A. Since 7 < 1/87, we can apply 
Lemma r4.2.1l to Mi and N x to obtain nonzero projections e G M| and f £ N[ and a unitary 
Mi G (Mi U AT{)" so that M%e has a cyclic vector on e'H, 

(4.34) - J M || < V2\\e - f\\ < V2 (l2(l + y/2)j + 4((1 + v^h) 172 ) 

and Miew^ = /. Moreover, we can additionally assume that dimAf ie (e!K) = 1/n for an 
integer n. Since e G M{ D {u\N\U\)' we can compress these algebras by e. Write J{ 2 = e(!K), 
M 2 = M x e, JV 2 = (ttJJViui)e, P 2 = Pie and A 2 = A x e so that M 2 and JV 2 act on % 2 , 
P 2 C M 2 R A^ (as Mi commutes with Pi) and the near inclusions M 2 C 72 AT 2 C 72 M 2 hold, 
where 7 2 is given by 

(4.35) 72 = 2^2 (12(1 + \/2)7 + 4((1 + v / 2)7) 1/2 ) + 7 < 17.58 7 1/2 . 

By construction diniM 2 (^2) = 

Now define IK 3 = ft 2 <g>C n , M 3 = (M 2 ®J n ), P 3 = (P 2 <8>/ n ), A 3 = (A 2 ®J n ), iV 3 = (JV 2 ®J n ) 
and 73 = 7 2 . Then M 3 C 73 N 3 and N 3 C 73 M 3 , P 3 C M 3 n iV 3 and dim Ms [K 3 = 1 (by 
Properties 12.3.31 (fi|) so that M 3 is in standard position on "K 3 . 

Consider the masa A 3 C M 3 . As 7 3 < 1/47, Lemma |4.1. II (!m|) gives Jm 3 M 3 J M3 C 4( - 1+v ^- )73 

A/3. As 4(1 + v / 2)73 < 1/100, another application of Theorem 13.1.11 @ provides a unitary 
u 3 G {Jm 3 A 3 J M3 UN^)" C P^ so that ||/^-n 3 || < 600(1 + v^hs and m 3 (Jm 3 A 3 J A / 3 )m3 £ ^3. 
Define IK 4 = JC 3 , M 4 = M 3 , P 4 = P 3 , A 4 = A 3 , A/4 = u* 3 N 3 u 3 , and 

(4.36) 74 = (1200(1 + V2) + 1) 73 < (1200(1 + V2) + 1)(17.58)7 1/2 < 509487 1/2 < 1/47. 

Then Jm^AaJma N' A) an d P4 Q M 4 fl N4 since m 3 commutes with P 3 . The estimate (12.21) 
gives the near inclusion M 4 C 74 A/4 c 74 M 4 and then the bound on 74 allows us to apply 
Lemma [3.2.21 ([n]) to conclude that A A is also a masa in A/4. The hypotheses of Lemma [4.1.21 
are now met, from which we see that M4, M 4 , A/4 and N' A have a common tracial vector. 
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At each stage of the proof, the various constructions have ensured that the pairs Mfc +1 ) 
are canonically isomorphic via compressions, amplifications or unitary conjugation, while 
the same is true for (Nk, Nk+i), 1 < k < 3. Now let % = J-C^ and define two isomorphisms 
7r: M — > M4 and p: N — > N± as the compositions of the isomorphisms constructed above, 
whereupon ir(P) = P 4 CM 4 nJV 4 = vr(M) n p[N). We take (3 to be 74. This establishes 
parts (JI]) and (Jn]). Since all the unitaries Uk used to construct the isomorphisms 7r and p 
commute with the corresponding P^, it follows directly that n\p = p\p, giving (!iv|) . The 
estimate of part (!m| also follows from the explicit form of the ir and p as a composition of 
unitary conjugations, compressions and amplifications. The latter two operations do not in- 
crease distances and the unitaries involved are all close to the identity operator, so repeated 
application of the triangle inequality gives the specified estimate. 

Item (jvj) is part §j§ of Lemma 13.2.21 while the remaining conditions follow from Lemma 
14.1.41 Indeed f lviip is part ([n]) of Lemma 14.1.41 while part ( 1Tv|) of Lemma 14.1.41 shows that 
7r(P) is regular in 7r(M) if and only if p(P) is regular in p(N). Since 7r and p are both 
faithful, condition f fvi]) follows. For flviiip . given (u n ) and (v n ) as in this condition, note that 
the hypothesis \\u n — v n \\ < 1 — gives ||vr(u n ) — p(f n )|| < 1 by part (Jul]). Thus, as (vt(m„))„ 
is a bounded homogeneous orthonormal basis of normalizers for 7r(P) C 7r(M), Lemma \A. 1.41 
flm| shows that (p(v n )) n is a bounded homogeneous orthonormal basis of normalizers for 
p{P) Q p(N). As p is faithful, we again deduce that {y n ) n provides a bounded homogeneous 
orthonormal basis of normalizers for P C N. □ 

The procedure above enables us to transfer close Hi factors on a Hilbert space to another 
space so that they both act in standard position. Thus for the weakest version Kadison- 
Kastler stability problem for IL factors, we can assume that all factors act in standard 
position: we record this below. Note that more care is required for the stronger spatial 
versions of the problem. Once we transfer algebras so that they both lie in standard position, 
any isomorphism between them will be spatially implemented on the new Hilbert space, 
but, without further information we do not know whether this isomorphism is spatially 
implemented on the original Hilbert space. 

Theorem 4.2.4. Let M and N be \\\ factors with separable preduals nondegenerately rep- 
resented on a Hilbert space "K with M C 7 iV and N C 7 M for some 7 < 5.7 x 1CT 16 . 
Then there exists a Hilbert space % and faithful normal representations tt : M — > 23 (X) and 
p : N — > r B{%) such that ir(M), n(M)' , p(N) and p(N)' have a common tracial vector on % 
and tt(M) dp p(N) ir(M) for 

(4.37) 13 = 50948 x (301) 1/2 7 1/2 + 3OO7 < 8.84 x 10 5 7 1/2 . 

Further, given x G M andy G iV with \\x\\, \\y\\ < 1 and \\x — y\\ < 5, we have ||vr(x) — p(y) \\ < 
/3 + 5 + 3007. 

Proof. Choose a masa A in M. By Theorem 13.1.11 (i) there is a unitary u G (A U N)" with 
\\u - /jell < !507 and uAu* C N. Consider JVi = u*Nu, which has M C 7l iVi C 7l M, 
where 71 = 3OI7. As 71 < 1.74 x 10 -13 , we can take M and N\ in Lemma [4.2.31 to obtain 
representations 7r and p\ satisfying the properties of that lemma (with the (3 of that lemma 
being given by 50948 x (301) 1 / 2 7 1//2 ). Define p(y) = pi(u*yu). It is routine to verify that it 
and p satisfy the required estimates. □ 

Since the breakthrough paper [82J, there has been considerable interest in how many 
Cartan masas a Hi factor contains, up to unitary conjugacy: [70] gives the first class of 
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factors with a unique Cartan masa up to unitary conjugacy; [29J provides the first examples 
of factors with two Cartan masas which are not even conjugate by an automorphism; [7Tj 
provides more examples of factors with unique Cartan masas and new factors with at least 
two Cartan masas and recently large classes of crossed products have been shown to have 
unique Cartan masas [HI E7J EE] • At the other end of the spectrum, [99] provides a Hi factor 
with unclassifiably many Cartan masas up to conjugacy by an automorphism. Here we show 
that close Hi factors have the same Cartan masa structure. 

Given a Hi factor M, let Cartan(M) be the collection of equivalence classes of Cartan 
masas in M under the relation A\ ~ A 2 if and only if there is a unitary u G M with 
uA x u* = A 2 . 

Theorem 4.2.5. Let M and N be Hi factors with separable preduals acting nondegenerately 
on a Hilbert space 'K with M C 7 N and N C 7 M for a constant 7 < 5.7 x 1CT 16 . 
(i) Suppose P C M is an amenable regular von Neumann subalgebra with P' R M C P 
and Q C N is a von Neumann subalgebra with P Gs Q C5 P for some 5 > such that 
3OO7 + 5 < 1/8. Then Q is regular in N and satisfies Q' R N C Q. 
(ii) If A is a Cartan masa in M, then there exists a Cartan masa B in N satisfying 
d(A,B) < IOO7. 

(Hi) There exists a canonical bijective map G : Cartan(M) — > Cartan(iV) ; given by 0([A\) = 

[B] where ACM and B C N are Cartan masas with d(A, B) < IOO7. 
(iv) If M has a unique Cartan masa up to unitary conjugacy, then the same is true for N . 

Proof, fli]). Since 7 < 1/100, we may apply Theorem l3. 1.11 (11]) to obtain a unitary u G (PUN)" 
satisfying \\u — < 1507, uPu* C N, and d(P,uPu*) < IOO7. Define Ni = u*Nu, so 
that P C M R Ni and M C 7l Ni C 7l M where ji = 3OI7. Then the bound on 7 gives 
71 < 1.74 x 10~ 13 , so we may apply Lemma 14.2.31 to conclude that P is regular in Ni and 
P' R Ni C P. Thus Qi := uPu* is regular in N and satisfies Q[ R N C Q 1 . Now by equation 
(D, Qi C v Q C v Qi where 77 = 3OO7 + 5 < 1/8. By Theorem I3XT1 flmD, Q and Qi are 
unitarily conjugate inside N. Thus Q inherits the desired properties from Q\. 

([n]). Given a Cartan masa A in M, there exists a unitary u G (AUiV)" with i? = uAu* C 
and 5) < IOO7 by Theorem 13.1.11 ([!]). Then i? is a masa in iV by Lemma [3.2.21 (Jn|) and 
then is Cartan by (JI|). 

flm|) . From ([n]), to each Cartan masa A in M we may associate a Cartan masa B in iV so 
that d(A, B) < IOO7. Let A\ be another Cartan masa in M and choose a Cartan masa B\ 
in iV with d(A\, B\) < IOO7. If there exists a unitary u G M such that Ai = uAu*, then by 



Thus i?i and f -Bf * are unitarily conjugate in N by Theorem 13.1.11 flmj) so I?i and 5 are 
unitarily conjugate in N. This shows that there is a well defined map O : Cartan(M) — >■ 
Cartan(iV), defined on [A] by choosing a Cartan masa B as above and letting 0([A|) = [B]. 
In the same way there is a map $ : Cartan(iV) — > Cartan(M) so that for each Cartan masa 
B in N, $([-B]) = [A] where A C M is chosen so that A) < IOO7. By construction $ is 
the inverse of G so 6 is bijective. 

(ITvl) . This is immediate from (TTiTj) . □ 




36 



CAMERON ET. AL. 



Remark 4.2.6. When M and N are sufficiently close Hi factors, we can also transfer other 
structural properties of a masa A C M to a sufficiently close masa B C iV. Theorem 
13.2.31 shows that B C JV is singular if and only if A C M is singular. Within the class 
of singular masas, the Pukanszky invariant has perhaps been the most successful method 
of distinguishing nonconjugate masas (see [%1 Chapter 7] for background on this invariant, 
including its definition). As the Pukanszky invariant of A C M is defined in terms of the 
relative commutant of the basic construction, A 1 D (M, e^), it follows from Lemma \A . 2 . 3 1 1 hat 
if A C M and B C iV are sufficiently close masas, then they have the same Pukanszky 
invariant. 

4.3. The reduction procedure for completely close algebras. Since completely close 
Hi factors, have (completely) close commutants (Proposition 12.2.3"]) . the process of changing 
representations is much easier in this context. We start by noting that completely close Hi 
factors always have the same coupling constant. 

Proposition 4.3.1. Let M and N be Hi factors acting nondegenerately on a separable 
Hilbert space 'K and suppose that d c b(M, N) < 7 where 

(4.39) 7 < (301 x 136209)- 1 . 

Then diniM(3"0 = diniAr(CK). 

Proof. If both dimensions are infinite then there is nothing to prove, so suppose without 
loss of generality that diniAf(CK) < 00. We have M C C 6 i7 iV and N C c b,-y M so these near 
inclusions are also valid with M' and N' replacing M and N respectively, by Proposition 
12.2.31 By symmetry, we may suppose that dim M (J{) < 1, otherwise apply the following 
argument to M' . 

Choose a masa A C M. Since 7 < 1/100, Theorem 13.1.11 @ gives a unitary u G (A U N)" 
so that \\u - < 1507, d(A,uAu*) < IOO7, and uAu* C N. Define iVi = u*Nu and note 
that A C M n iVi while d(M, iVi) < tZ(M, iV) + 2||« - JjcH < 3OI7. Since 3^ x 3OI7 < 1, 
Lemma 13.2.21 On} allows us to conclude that A is also a masa in N\. The hypotheses of 
Proposition 14.1.61 are now met since 3OI7 < 1/136209 and so dimjv^JC) = dim M ([K). The 
result follows since dim^^) = dimTv(^) by the unitary conjugacy of N and iV\. □ 

We can also easily change representations of completely close von Neumann algebras. 

Proposition 4.3.2. Let M and N be von Neumann algebras acting nondegenerately on a 
Hilbert space "K with d c b(M, N) < 7 for 7 < 1. Given any unital normal * -representation it 
of M on another Hilbert space %, there exists a unital normal * -representation p of N on 
% such that d cb (7i(M), p(N)) < 37 and p\mhn = Mmdn- Further, if x G M and y G iV are 
contractions with \\x — y\\ < 5 for some 5 > 0, then \\7t(x) — p(y)\\ < 27 + 5. 

Proof. The general theory of normal ^representations [331 I §4 Theorem 3] allows us to 
choose a set S and a projection p G M' ®'B(l 2 (S)) so that 7r is unitarily equivalent to the 
*-representation 717 : x 1— > (x <E> Ip<s))p of M on %i = p(%). Identifying M and with 
their amplifications M®Ip^ S ) and N®Ip(s) respectively and, noting that M' ®M(l 2 (S)) C 7 
N'® T>{i\S)) by Properties I21T21 dm]), it follows from Lemma I2XT1 (ju]) that there is a 
projection q G N'®'B(l 2 (S)) with \\p - q\\ < 2- 1 / 2 ^. Since p, q G (M n N)'®'B(l 2 (S)), 
Lemma 12.4.21 gives a unitary u G (M fl iV)' ® H>(£ 2 (S)) such that ||m — Im®£ 2 (S)\\ < 7 and 
upu* = q. Define p\ : N — > S(Xi) by pi(x) = u*(x(& Lji^p(s))up for x G N. By construction 
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Pi\mhn = TTiUrw- Further 

(4.40) d cb (7n(M), Pl (N)) < d cb (M,N) + 2\\u-I^ ns) \\ < 3 7 . 

Now choose a unitary V : X — > 0C± so that it = V*7TiV, and let p = V*p±V so that 
d c b(n(M), p(N)) < 37. When x G M and y <E N are contractions, we have ||vr(x) — p(?/)|| < 
2||u - /jc®*2(S)|| + ||x - 2/M- n 

In the presence of complete closeness, we also obtain a more direct proof of the key 
reduction result Lemma 14.2.31 with improved constants. Note that the constant (3 below is 
now 0(7) as 7 — > whereas it was 0( 7 1//2 ) in the original (c.f. Remark (1) of [TT]). 

Theorem 4.3.3. Let M and N be Hi factors with separable preduals acting nondegenerately 
on a Hilbert space 2C and suppose that there is a constant 7 < 1/(903 x 47) such that 
M G c b,j N and N C c j )7 M. Suppose that P C M fliV is an amenable von Neumann algebra 
satisfying P' n M C P. Then there exist a separable Hilbert space X and faithful normal 
^representations ir : M — > 25 (X) and p : iV -> 25 (X) suc/i i/iai: 

^ Property (TJ) /rom Lemma \4-2.c>\ is satisfied. 



(li) tt(M) C c6i/3 p(iV) and p(N) C c6i/3 vr(M) w/iere = 9037. 

fmj If x (z M and y E N are contractions with \\x — y\\ < 5 for some 5 > 0, then \\tt(x) — 

p{y) II < 5 + 903 7 . 

(iv) ix\ P = p\ P ; 

(v) Properties Mviii\) from Lemma\4-2.3\ are satisfied (with the value of (3 above). 



Proof. By Proposition 14.3.21 we may find faithful representations 7r : M — > T>(%) and 
Pi : N — > 25 (X) which agree on P such that M\ = n(M) is in standard position on X, 
Mi C C 6 i 3 7 Pi(iV), pi(iV) C C 6,3 7 Mi and || 7Ti (cc) — Pi(y)|| < 37 whenever x G M and y E N 
are contractions with ||x — < 7. Write Pi = TTx(P) = pi(P) and iVj = pi(N) and fix, by 
Popa's theorem ([79]), a masa A x C M x with Ax C P x . Since M{ C 37 by Proposition \FXM 
apply Theorem 13.1.11 (i) to obtain a unitary u G (Jm^iJm! U iV{)" so that ||w — J^ll < 4507 
and uJm 1 AiJm 1 u* C AT{. Define p : N 25 (X) by p(?/) = u*pi(y)u so that conditions OH]) 
and ( 1m]) hold. Property (JI]) from Lemma 14.2.31 follows from Lemma I4.1.2[ noting that the 
estimate on 7 ensures that /3 < 1/ 47. Property (jvj) from Lemma 14.2.31 is now obtained from 
part (i) of Lemma [3 . 2 . 2 1 while the remaining properties follow from Lemma [4.1.41 in just the 
same way as in the proof of Lemma 14.2.31 □ 

5. Structural properties of close IIx factors 

We will now use the methods of Sections [3] and H] to show that close factors share the same 
structural properties in the spirit of [26]. A key objective, achieved in Lemma |5.2.4[ is to 
show that if M is a McDuff IL factor and iV is another factor close to M, then, after making 
a small unitary perturbation, we can simultaneously factor M = Mi ® R and iV = N x £g> R 
with Mi and Ni close. 

5.1. Solid and strongly solid factors. As indicated to us by Kadison, one of the original 
motivations for the introduction of perturbation theory in [SI] was to study the free group 
factors. Here we investigate the behavior of factors close to free group factors in the light 
of developments in the structure theory of these algebras. In [69], Ozawa discovered a 
remarkable property of certain IL factors, showing that the von Neumann algebra of a 
hyperbolic group is solid in the sense that every diffuse unital von Neumann subalgebra 
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B C M has an amenable relative commutant B' PI M. Subsequently Ozawa and Popa 
generalized the concept of solidity further: a Hi factor M is said to be strongly solid if 
every unital diffuse amenable subalgebra B C M has an amenable normalizing algebra 
N(P C M)" . In [70], they extended Voiculescu's result that free group factors do not contain 
Cartan masas [103J by showing that free group factors are strongly solid. Subsequently a 
range of strongly solid factors have been discovered (see [ZD, HB EEH E7] for example). Both 
of these properties are inherited by sufficiently close algebras, as we now show. 

Proposition 5.1.1. Let M and N be ll\ factors acting nondegenerately on a Hilbert space 
n with d(M,N) < 7. 

(i) Suppose that 7 < 1/28669. Then M is solid if and only if N is solid. 

(ii) Suppose that 7 < 1/3200. Then M is strongly solid if and only if N is strongly solid. 

Proof. (E]). Suppose that M is solid and let Bq C N be diffuse. Choose a masa B in B$ 
and note that B is diffuse since B has this property. It suffices to show that B' fl N is 
amenable as then B' fl N C B' fl iV is also amenable since N is finite. Amenability of B 
allows us to apply Theorem 13.1.11 (JI]) to obtain a unitary u G (B U M)" with uBu* C M, 
\\u - < 1507 and d(uBu*,B) < IOO7. Define A = uBu* C M. Lemma [2X5] (0) shows 
that A'flMC, B'niV and B'DN C v A'nM where 77 = 200^7 + 7 < 1/101 by the choice 
of the bound on 7. Amenability of A' D M follows from the assumption that M is solid, so 
Theorem 13.1.11 (JI|) gives an isomorphism between A' DM and B' (1 N so B' (1 N is amenable. 
Thus N is solid. The reverse implication follows by interchanging the roles of M and N. 

§n§. Without loss of generality, suppose that N is strongly solid and let P be a unital 
diffuse amenable von Neumann subalgebra of M. By Theorem 13.1.11 ([!]), there exists a 
unital von Neumann subalgebra Q C N isomorphic to P such that d(P, Q) < IOO7. Now 
N(Q C JV)" is amenable by assumption, and thus another application of Theorem 13.1.11 
© gives a unitary u e (N(Q C iV) U M)" with mK(Q C iV)"?/* C M, ||w - J K || < I5O7 
and d(u>T(g C N)"u*,N(Q C iV)") < IOO7. Then (Q gives P C 4007 M Q M * C 4007 P 
and so, since our hypothesis ensures that 4007 < 1/8, Theorem 13.1.11 (Jm} gives a unitary 
ui G (P U wgw*)" C M with - /jell < 28OO7 and u x Pu\ = uQu* . 

Consider P = u\uQu*ui as a subalgebra of N\ := u\uNu*u\ and note that 

d(M, iVi) = d{u\Mu x , uNu*) = d(M, uNu*) 
(5.1) < d(M,N) +2||u-/ M || < 3OI7. 

Now u"N(Q C iV)u* C M and Mi 6 I so m^uK(Q C iV)w*ui C M. We also have that 
N(P C JVi) 7 ' = u^mK(Q C N)"u*ux, and it follows that N(P C Ni)" is an amenable 
subalgebra of M. Moreover, P' n iVi C K(P C A^)" C M, implying that P'n^CP'n M. 
Then Lemma I2"X51 © (with 5 = 0) gives P' n M C 30l7 P' n JVi and so P' n M = P' n JVi 
since 3OI7 < 1 (this is a folklore Banach space argument, see [2"8"[ Proposition 2.4] for the 
precise statement being used). Let 71 := 3OI7, yielding M C 7l N\ C 7l M. 

To establish that K(P C M)" C N(P C Ai)", consider a unitary t> G N(P C M). We 
apply Lemma [3.2.1l fpH|) (with 7! < 1/(2 v^) replacing 7) to obtain a unitary v' G K(P C Ni) 
with Hu-u'll < (4+2^)71- Since (4+2\/2)7i = (4+2v^)(301)7 < (4+2 v / 2)(301)/3200 < 1, 
Proposition 12.6.21 gives unitaries w G P and «/ G P' satisfying v' = vww'. Then w' = 
w*v*v' G P' n M since tw, u, and v' all lie in M. Thus w' G P' n Ni C K(P C A x ). 
Then u = G K(P C iVi), proving that K(P C M) C K(P C Ai). By assumption 
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N(P C Ni)" is amenable so the same is true for its subalgebra N(P C M)". Thus M is 
strongly solid. □ 

Remark 5.1.2. In particular, it follows that if M is a factor sufficiently close to a free group 
factor LF r , then M is strongly solid, we can find masas Ax, . . . A r in M close to the canonical 
generator masas in LW r , and these masas will have Pukanszky invariant {00} (see Remark 
I4.2.6p . Further, as the generator masas are maximal injective in L¥ r ([80]), we can argue in 
a similar fashion to the previous theorem to deduce that each Aj is maximal injective in M. 

5.2. Property Gamma and McDuff factors. In this section we examine factors close to 
those with Property Gamma and factors close to McDuff factors. We begin by recording an 
extension of Lemma 12.4.41 

Lemma 5.2.1. Let M and N be 11\ factors represented nondegenerately on a Hilbert space 
!K and let 7 and rj be positive constants. Suppose that d(M, N) < 7 < 1 and that we have 
Xi,X2 in the unit ball of M and yi,U2 in the unit ball of N with — yi\\ < r\, % = 1,2. Then 

(5-2) ||3/i-3/2||i,jv< ||x 1 -x 2 ||| M + 8r/ + (8v / 2 + 8)7. 

Proof. Define s = y\ — y<± G N and t = x\ — x^ G M, so that < 2 and \\s — t\\ < 2rj. 

Let $ be a state on 23 (!K) extending tm- Then Lemma [2.4.41 gives 

(5.3) \t n {s*s)-$(s*s)\ < (2^+2)7118*511 < (8^ + 8)7. 
We also have 

(5.4) |$(s*s) -${t*t)\ < \\{s* -t*)s + t*(s -t)\\ <8r], 
so 

\\4l, N = t n(s*s) < ms*s)\ + \t n {s*s) - $(sV)| 
< |$(s*s) - $(t*t)| + $(t*t) + (8^+8)7 

(5.5) < 11*11^ + 877 +(8^2 + 8)7, 

since $ and tm agree on M. This is (15. 2ft . □ 

For von Neumann algebras M with separable predual, the definition of property Gamma 
is equivalent to the condition M' PI M w 7^ CI for a nonprincipal ultrafilter 00 on N (see 
[101, Theorem XIV. 4. 7]). For IL factors with nonseparable preduals this equivalence no 
longer holds (see [36| Section 3]) and instead one must work with ultrafilters on sets of larger 
cardinality. For simplicity, we restrict to the separable predual situation below. However the 
argument can be modified to handle the nonseparable situation (with the same constants). 

Proposition 5.2.2. Let M and N be ll\ factors with separable preduals acting nondegener- 
ately on a Hilbert space "K with d(M, N) < 7 for a constant 7 < 1/190. Suppose that M has 
property T. Then N also has property T. 

Proof. Suppose that M has property T and fix a nonprincipal ultrafilter u on N. Murray and 
von Neumann's definition of property F [66] gives a sequence (u n )^ =1 of trace zero unitaries 
such that u = (u n ) G M w PI M' . For each n, use Lemma [2.4.11 (i) to find a unitary v n G N 
with \\u n — v n \\ < v27 and let v denote the class of (v n ) in iV+ Letting $ denote a state on 
B(CK) extending tn, Lemma [2.4.41 gives the estimate 

(5.6) \r M {u n ) - $(0| < (2^2 + 2)7, n G N, 
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so that 

(5.7) \T M (u n ) - r N (v n )\ < \r M (u n ) - $(0| + Mu n ) - $(v n )| < (3^+2)7. 
Thus 

(5.8) \tn<*(v)\ < (3V2 + 2)7. 

Given a unitary w <E N, use Lemma r2.4.1l (i) to find a unitary w' £ M with w|| < v / 2 _ 7- 
Then 

(5.9) ||w'w„ — wv n \\ < \\(w' — w)u n \\ + ||w(w n — v n )\\ < 2V27 

and similarly ||u n iy' — v n w\\ < 2y/2j. Taking 77 = 2\/27 in Lemma 15.2. II with x\ = w'u n , 
x 2 = u n w', yi = wv n and y 2 = v n w gives 

(5.10) \\wv n - v n w\\l iN < \\w'u n -u n w'\\l jM + (2AV2 + 8)j. 
Since lim n ^ \\w'u n — u n w'\\2,M = in N^, we have 

(5.11) \\wvw* - v\\l jNu = \\wv - vw\\l tNu < (24^ + 8)7. 

Let y be the unique element of minimal || • l^jv^-norm in conv 2 '^ {wv w* : w G U(N)}. This 
lies in N u and uniqueness ensures that y G ON'. It remains to check that y is nontrivial. 
The estimate (15.111) gives 

(5.12) \\y-vg ;N „ < (24^+8)7, 
and so 

(5.13) \\y\\ 2fNU >l-((24v / 2 + 8) 7 ) 1/2 
as \\v \\2,n u = 1- We can estimate 

\TN»(y)\ < \t n »(v) \ + \r N u{y - v)\ 

< (3^ + 2)7+ \\y-v\\ 2 , N «, 

(5.14) < (3V2 + 2)7 + ((24V2 + 8) 7 ) 1/2 , 

using (I5.8p . (15. 13 j) and the Cauchy-Schwarz inequality. If y G CI^w, then y = T N ^{y)I N u so 

(5.15) 1 - ((24^2 + 8) 7 ) 1/2 < ||y|| 2 ,jv- < (3^2 + 2)7 + ((24v^ + 8) 7 ) 1/2 . 

Direct computations show that this is a contradiction when 7 < 1/190, so that y is a 
nontrivial element of N' fl . Therefore N has property Gamma. □ 

Corollary 5.2.3. Let M be a weakly Kadison-Kastler stable II\ factor with property Gamma 
and separable predual. Then M is Kadison-Kastler stable. 

Proof. Suppose that M C 25 (!K) is a nondegenerate normal representation and that iV C 
!B(CK) has d(M,N) small enough so that M = N. Then N also has property Gamma, and 
so Proposition E231 © and Properties E22] (0) give d cb (M,N) < 10d(M,N). If additionally 
d(M, N) < 1/(10 x 301 x 136209), then Proposition ED] gives dim M (?t) = dim^Jf) and so 
an isomorphism between M and N is spatially implemented on "K [72] (see also [33| Section 
6.4, Proposition 10]). □ 
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We now turn to McDuff factors, defined as those Hi factors M with M = M ® P, where 
P is the hyperfinite Hi factor. In the separable predual case, one can use McDuff's charac- 
terization of these factors as those M for which M' D M^ is nonabelian [58J, and transfer a 
suitably noncommuting pair of centralizing sequences from a McDuff factor M into a nearby 
factor iV to see that iV is also McDuff. The details are similar in style to Proposition 15.2.21 
However, by using the reduction techniques of Section @J we can go further and show that if 
M absorbs R tensorially, then so too does N, and that we can arrange to simultaneously pull 
out the same tensor factor of R from M and iV (after making a small unitary perturbation). 
Recall from [67] that if iV is a Hi factor and Q\ and Q 2 are commuting subfactors of N, 
then N is generated by this pair if and only if iV = Q\ <g> Q 2 . 

Lemma 5.2.4. Let M be a McDuff factor with a separable predual acting nondegenerately 
on a Hilbert space "K and write M = Mo®P for some II\ factor Mo on "K. Suppose 
that N is another Ih factor on 'K with d(M,N) < 7 < 1/(305 x 903 x 47). Given an 
amenable subalgebra Pq of Mo with Pq D Mq C P , there exists a unitary u G (M U N)" with 
\\u — iinll < 1507 such that: 

(i) writing Ri = uRu* , we have Ri C N; 

(ii) N = (R[ Pi N)®R 1 ; 

(m) R[ n N C c6j(20oV 2 +5)7 M and M C cbj(200v ^ +5h R[ n N; 
(w) uP u* C R[ fi N. 

In particular N is McDuff'. 

Proof. As M is McDuff it certainly has property Gamma and hence so too does A" by Lemma 
[572721 Thus M C c6 , 57 N and N C c6 , 57 M by Proposition [27274] ©. Set P = (P UP)" so that 
P'nM C P. By Theorem Em]©, there exists a unitary u G (PUN)" with ||u- /« || < 150y, 
mP«* C N, and ||wa;u* - rr|| < 100-y||^|| for x G P. Set A^ = so that M C c6 3057 Aq, 

Ni C c6j3057 M and P C Aq. 

As uRu* C 1007 P, Lemma [274751 flu]) gives R' f] M C c6 200v ^ 7+57 (uRu*)' H AT. Similarly, 
(uRu*)'nN C cfe200v ^ 7+57 P'nM. In particular (uRu*)'f\N is a factor by [SH Corollary A], 
and hence so too is P' H Aq . It remains to show that P and P' n Aq generate Aq , as then 
Aq = (P'nAq)®Pby [67]. 

By applying Theorem 14.3.31 (valid as 3057 < 1/(903 x 47)) we can find unital normal 
representations 7r : M — > r B{%) and p : Aq — > S(X) such that n\ P = p\ P and, writing 
M 2 = 7r(M) and N 2 = p(Aq), we also obtain that the algebras M 2 , M 2 , A" 2 and A" 2 have 
common trace vector £ on X. Moreover, M 2 A^ and A^ 2 C C 6,/3 M 2 for (3 = 903 x 3057, 
while J M2 ^{P)Jm 2 = Jn 2 k{P)Jn 2 Q K- Write R 2 = p(R) Q M 2 n JV 2 . Now fix x G P' 2 n M 2 
and 5 > 0. Choose y G A" 2 such that — x£||jc < £■ For each unitary it G P 2 , x commutes 
with u and Jn 2 uJn 2 G A" 2 . Therefore uJn 2 uJn 2 x£ = xuJ^uJn^ = x£. Thus 

(5.16) |K - uyu*£\\ x = \\uJ N2 uJ N2 (x£ - y£)lk < £• 

Now E^? nN ^(y)^ is the vector in X of minimal norm in the closed convex hull of {uyu*£ : 
u G U(P 2 )}, so 



(5.17) 




R' 2 nN 2 



42 CAMERON ET. AL. 

For any unitary v G R 2 , we have \\vx£ — vE^? nN2 (y)£\\x < e. Since e was arbitrary we 
conclude that 

% = (JB! 2 n M 2 ) U R 2 )"£ = Span{wx£ : v i lX(i? 2 ), i6i^n M 2 } 
(5.18) c ((i?' 2 n iV 2 ) U R 2 )"£. 

Since £ is separating for N 2 , it follows that N 2 = ((R' 2 H A^) U -R 2 )" just as in the proof of 
Lemma 14.1.41 (Jm} . Thus iVi is generated by R and R' C\ N±. □ 

Proposition 5.2.5. Suppose that M is a weakly Kadis on-Kastler stable Hi factor. Then 
M ®R is Kadis on-Kastler stable, where R is the hyperfinite Hi factor. 

Proof. Let S > be so small that, given a unital normal representation M C 23 (IK), each IIj 
factor iV C 23 (IK) with d(M, AT ) < 5 is isomorphic to M. Now suppose that M®R and iV 
are represented on % with d(M!§ R, N) < 7 for some 7 < 1/(305 x 903 x 47). Lemma 15.2.41 
shows that iV = iVo <8> R\ for another copy of the hyperfinite Hi factor R\ and a Hi factor Nq 
with A/q ^06,(200^2+5)7 M) an d M Q C c6j (200^+5)7 

A^o- Thus, provided 2((200V2 + 5)7) < 5, 
Mo and Nq are isomorphic, whence M and are isomorphic. This shows that M £g> R is 
weakly Kadison Kastler stable. As M <8> R has property Gamma, it is then Kadison-Kastler 
stable by Corollary 15.2.31 □ 

Note that if M satisfies the conclusions of Part ([3]) of Theorem [B], then strong Kadison- 
Kastler stability of M <S> R can also be established, see Proposition 16.3.71 



6. Kadison-Kastler stable factors 

We now present the main results of the paper by exhibiting classes of actions giving 
rise to Kadison-Kastler stable crossed product factors. In Section 16.11 we first show that 
a von Neumann algebra close to a twisted crossed product IL factor P x Q W T where P is 
amenable must also be a twisted crossed product factor arising from the same action and 
some cocycle u' which is uniformly close to u. From this we are able to prove Part (pQ) of 
Theorem |B1 (Corollary I6.1.2p . which in particular shows that crossed products L°°(X) x F r 
are weakly Kadison-Kastler stable (Corollary 16.1. 3p . In Section [6T21 we use property Gamma 
to obtain Kadison-Kastler stable factors, those that are spatially isomorphic to sufficiently 
close neighbors. Corollary 16.2.11 proves Part (J2J) of Theorem [B] and we also discuss how to 
produce examples of actions satisfying the hypothesis of this result. In Section IST31 we turn 
to strong Kadison-Kastler stability and prove Theorem |X] as Theorem 16.3.41 and Part ([3]) 
of Theorem [B] as Theorem 16.3.21 Remark 16.3.61 sets out examples of factors to which these 
results apply. 

We then discuss what our methods give in more general situations arising from regular 
subalgebras which are not twisted crossed products. Subsection 16.41 examines inclusions 
ACMof Cartan masas in Hi factors. Analogously to the twisted crossed product situation, 
we show that if A^ is close to M, then every Cartan masa B in N close to A (these must exist 
by the results of Sections 14. II and l4.2p induces the same measured equivalence relation as the 
original inclusion ACM and, further, M and A^ arise from uniformly close cocycles on this 
relation. Similar results hold when M contains a regular amenable irreducible subfactor. 
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6.1. Weakly Kadison-Kastler stable crossed products. The work of Section [4] enables 
us to transfer a twisted crossed product structure from a Hi factor to nearby factors. Recall 
(see Section 12.5ft that every 2-cocycle is cohomologous to a normalized 2-cocycle so there is 
no loss of generality in only considering normalized cocycles below. 

Theorem 6.1.1. Let a :T rx P be a trace preserving, centrally ergodic, and properly outer 
action of a countable discrete group T on a finite amenable von Neumann algebra P with 
separable predual. Let oj G Z 2 (T, U(Z(P))) be a normalized 2-cocyle, write M = P x aa ,r and 
suppose that M C "B(JK) is a unital normal representation. Let N be another von Neumann 
algebra on "K with d(M,N) < 7 for some 7 < 5.77 x 10~ 16 . Then there exists a normalized 
2-cocycle u' G Z 2 (T, U(Z(P))) such that N = P x Qjt y T and 

(6.1) sup \\u(g, h) - u'(g, h)\\ < 148897 < 8.6 x 1(T 12 . 

g ,her 

Proof. By Proposition 12.5.3} M is a Hi factor and P' fl M C P. The bound on 7 ensures 
that Kadison and Kastler's stability of type classification from applies and so N is also 
a Hi factor. Since 7 < 1/100, Theorem 13.1.11 (pi provides a unitary u G (P U N)" with 
- u\\ < 1507 such that P C N x := u*Nu. Moreover, we have M C 7l N x C 7l M, 
where 71 = 3OI7. Write (u g ) g ^r for the canonical bounded homogeneous orthonormal basis 
of normalizers for PCM implementing the action a which satisfy u g Uh = u)(g,h)u g h for 
g, h G r. For g G T, we can apply Lemma 13.2.11 (lm|) to M and N\ to obtain a normalizer 
w g G N(P C iVi) with 

(6.2) IK-%|| < (4 + 2^2)71 < 1. 

Thus, by Proposition I2.6.2[ w g = u g p g p' g for some unitaries p g G P and G P' with 

\\p g - < 2 1/2 ||w 9 - u g \\ < 2 x / 2 (4 + 2V2) 7 i. Write v g = w g p* = u gP ' g G N x so that 
v g xv* = UgXU* = a g (x) for all x G P and 

(6.3) K - u g \\ < (1 + v^)(4 + 2^2)71 = (8 + 6^2)71 < 4963 7 . 

Since u e = 1%, we may assume that v e = w e = 1%. For use in Lemma f 6 . 3 . 1 1. note that if iV 
happens to already contain P then we can take N = N± and u = 1%, and the estimate in 
( 16.3ft is replaced by 

(6.4) \\Vg -Ug\\ < (8 + 6^)7 < 16.57. 

The bound on 7 in the statement of the theorem is chosen so that 71 < 1.74 x 10 -13 and 
so Lemma T4.2.3I applies as P' DM C P. In particular P'n Ni C P, while Lemma T4.2.3I flviiift 
and the estimate (16.3ft show that (w g ) gf zr is a bounded homogeneous orthonormal basis of 
normalizers for P C N\. Then (v g ) g& r also has this property and so N\ is generated by P 
and the normalizers (v g ) g( zr- As we have E p 1 (v g ) = for g G T \ {e} and v g xv* = a g (x) 
for x G P, Proposition 12.5.11 shows that N% is isomorphic to the twisted crossed product 
P Xa,^' T, where uj' is given by 



(6.5) 



u'(g, h) = v g v h v* gh G U{Z{P)), g,heT. 
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Since we chose v e = Ijk, this 2-cocycle is normalized and applying the estimate (I6.3P three 
times gives 

\\w(g,h)-u'(g,h)\\ = \\u g u h u* h - v g v h v* gh \\ 

< IK - v g \\ + \\u h -v h \\ + \\u* gh - v* gh \\ 

< 3 x 49637 = 148897 

(6.6) <8.6xi(T 12 , g,heT. 

Since iV and Ni are unitarily conjugate, N = P x ajU i T for this 2-cocycle. □ 

We obtain weakly Kadison-Kastler stable factors whenever we can guarantee that the 
uniformly close cocycles u and u' in Theorem 16.1.11 are cohomologous. This happens when 
the comparison map from bounded to usual cohomology vanishes in degree 2. In particular, 
the next corollary proves Part ([I]) of Theorem iBl 

Corollary 6.1.2. Let a :T rx P be a trace preserving, centrally ergodic, and properly outer 
action of a countable discrete group V on a finite amenable von Neumann algebra P with 
separable predual. Suppose that one of the comparison maps 

(6.7) H 2 (T, Z{P) sa ) H 2 (T, Z(P) sa ) 
or 

(6.8) H 2 (T, L\Z(P) sa )) -> H 2 (T, L 2 {Z{P) sa )) 

vanishes. For any u G H 2 (T, U(Z(P))), let M be the crossed product ll\ factor P x a tJ r, 
faithfully, normally, and nondegenerately represented on a Hilbert space 'K. Then M has the 
property that M = N whenever N is a von Neumann algebra on "K satisfying d(M, N) < 
5.77 x 10 _16 ; and thus M is weakly Kadison-Kastler stable. 

Proof. Let M := P x aaJ T for a normalized 2-cocycle u and suppose that M is faithfully 
normally and nondegenerately represented on 'K. Given another von Neumann algebra iV 
on "K with d(M,N) < 5.77 x 1(T 16 , we have N = P ~A ajU1 > V for some normalized J E 
Z 2 (T,U(Z(P))) satisfying (jSHJ) by Theorem [6XU Define a 2-cocycle v G Z 2 (T, U(Z(P))) 
by u(g, h) = u(g, h)u'(g, h)* so that 

(6.9) sup \\v(g, h) - I P \\ < 8.6 x 10~ 12 < V2. 

g ,her 

By Lemma T2.5.2I (jij), ip := — zlogz/ defines a bounded 2-cocycle in Z 2 (T, Z(P) sa ). If we 
assume that the comparison map (\6.7\i vanishes, then ip = d<fi for some <p £ C 1 (T,Z(P) sa ). 
In this case Lemma 12.5.21 (In} shows that v = de 1 ^ so that uj and uj' represent the same 
element of H 2 (T,U(Z(P)). By Proposition 12.5. ll (1IT|). M and N are isomorphic. 

When the comparison map (I6.8p vanishes, then we regard ip as taking values in L 2 (Z(P) sa ) 
and use Lemma [2.5.21 ( lull) to see that v is trivial in H 2 (T,U(Z(P))). Again M and N are 
isomorphic by Proposition 12.5.11 (!n|). □ 

Free groups have cohomological dimension one, so H 2 (¥ r , Z(P) sa ) = for all actions 
a : ¥ r P. Consequently, the comparison map (16. 7ft is zero and the resulting crossed 
products are weakly Kadison-Kastler stable. In particular all crossed products L°°(X) x^F,. 
for free, ergodic, and probability measure preserving actions are weakly Kadison-Kastler 
stable. 
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Corollary 6.1.3. Let ¥ r be a free group of rank r = 2, 3, . . . , oo and let a : F r rx P be a 

trace preserving, centrally ergodic, properly outer action on a finite amenable von Neumann 
algebra P with separable predual. Then P x Q F r is weakly Kadis on-Kastler stable. 

The following corollary is the wreath product version of Kadison's question about algebras 
close to free group factors. Note that for each r, Bowen has shown that L(Ti l¥ r ) = L(r 2 ?F r ) 
for nontrivial abelian groups Ti and I^, [5] (see |102j ). 

Corollary 6.1.4. Let T be a nontrivial abelian group and let r = 2,3, ... , oo. Then L(Tl¥ r ) 
is weakly Kadis on-Kastler stable. 

Proof. Since L(T I ¥ r ) is a crossed product L(r Fr ) x F r arising from a free, ergodic, trace 
preserving action, the result follows from Corollary 16.1.31 □ 

Corollary 16.1.21 also applies when the bounded cohomology group H 2 (T,Z(P) sa ) = or 
when H 2 (T , L 2 (Z(P) sa )) = 0, for example when T = SL n (Z) for n > 3. However for these 
groups we can use the vanishing of H 2 (T,Z(P) sa ) = to extract more information, see 
Section 16.31 

6.2. Kadison-Kastler stable factors. We obtain Kadison-Kastler stable factors from the 
examples in Section ISTTl by imposing additional conditions which ensure that the isomorphism 
in Corollary 16.1.21 is spatially implemented. In particular, as factors with property Gamma 
have the similarity property, one can convert weak Kadison-Kastler stability to Kadison- 
Kastler stability. The corollary below proves Part fl2]) of Theorem [Bl 

Corollary 6.2.1. Let a : T rx P be a properly outer, centrally ergodic, trace preserving 
action of a countable discrete group on a finite amenable von Neumann algebra P with sepa- 
rable predual and suppose that one of the comparison maps H 2 (T, Z(P) sa ) —> H 2 {F, Z(P) sa ) 
or # 6 2 (r, L°°{Z{P) sa )) ->• H 2 (T, L 2 (Z{P) sa )) vanishes. If the crossed product factor PxiJ 
has property Gamma, then it is Kadison-Kastler stable. 

Proof. Since the crossed product P x Q V has property Gamma, this follows by combining 
Corollary I6.1.2[ which shows that such a crossed product is weakly Kadison-Kastler stable, 
and Corollary 15.2.31 □ 

Remark 6.2.2. One can obtain explicit constants in the previous corollary, which are better 
than those appearing in Corollary 16 . 1 . 2 1 by arguing as follows. When M = P~x a T and N is an 
algebra sufficiently close to M on the Hilbert space 'K, note that N also has property Gamma 
by Proposition 15.2.21 Consequently M and iV are completely close by Proposition 12.2.41 We 
can then use Theorem 14.3.31 in place of Lemma r4.2.3l in the proof of Theorem 16. 1.11 to obtain 
that M and iV are isomorphic. Since Proposition 14.3.11 shows that dim^ M = dim^ N, this 
isomorphism is automatically spatially implemented on "K. The hypotheses of all the results 
quoted in this brief sketch are met when d(M,N) < (301 x 136209) -1 . 

We now turn to examples where Corollary 16.2.11 applies. Consider a Hi factor M arising 
as a crossed product M = P x Q T for some trace preserving action of a countable discrete 
group on a finite von Neumann algebra P. Assume further that the group T is not inner 
amenable in the sense of [31] (such as a free group of rank at least 2 [31] or an ICC group 
with property T [Tj Theorem 11]). Under this hypothesis, any central sequence (x n )^ =l in 
M is asymptotically contained in P (this assertion is proved in [40, Lemma 1] when T is a 
free group and the method of proof works whenever V is not inner amenable). Consequently 
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we must look for examples where centralizing sequence for M can be found in P. First we 
consider the case when P is abelian. 

Given an ergodic measure preserving action a : T rx (X,fi), there are nontrivial central- 
izing sequences for the crossed product factor L°°(X) x a T inside L°°(X) if and only if the 
action fails to be strongly ergodic [3Q1 92J. This means that there is a sequence (Y n )'^ ) =1 of 
Borel subsets of X satisfying the asymptotic invariance condition fi(Y n A(g ■ Y n )) — > for 
all g G r which are nontrivial in the sense that liminf n [i(Y n )(l — n(Y n )) > 0. When F 
has Kazdan's property T every ergodic action is strongly ergodic [91] . and so there are no 
actions of SX n (Z) for n > 3 to which the previous corollary applies. Conversely, Connes and 
Weiss show that if T does not have property T, then T admits ergodic (and in fact weakly 
mixing) actions which are not strongly ergodic ([SI])- Further, these actions can be taken to 
be essentially free (see [131 Proposition 2.2.3]). In particular, the free groups F r admit free, 
ergodic measure preserving actions which fail to be strongly ergodic and so Corollary 16.2.11 
applies to the crossed products arising from these actions. As noted in [701 Section 5] one 
can construct such actions of free groups which are additionally profmite. 

Corollary 6.2.3. Let a : ¥ r rx (X,{i) be a free, ergodic, probability measure preserving 
action which is not strongly ergodic. Then L°°(X,^) x a T is Kadis on-Kastler stable. 

Remark 6.2.4. Corollary 16.2.11 can also be used for actions on nonabelian von Neumann 
algebras. Just as in the abelian situation, when T does not have property T there exist 
properly outer actions a : T rx R on the hyperfmite Hi factor for which the resulting crossed 
product has property Gamma, as we now explain. An outer action (3 : T rx R is said to 
be strong if every bounded asymptotically invariant sequence (x„)^ =1 (as defined by the 
requirement that ||/9 5 (a; n ) — x n \\ 2 — > for all g 6 T) is equivalent to a sequence in the fixed 
point algebra R r . Recall that if T does not have property T, then there exists an outer 
action : T rx R that is not strong ([2], noting that the construction in (ii) on p. 208 is 
outer). Thus there exists a bounded asymptotically invariant sequence (i n )™ =1 that does not 
represent a scalar multiple of the identity in R u . Now consider the infinite tensor product 
and the action a : T rx R®°° given by ct g ((£) m a m ) = (£) m (3 g (a m ). This is easily seen to 

be an outer action. Defining y n = ^ <g> x n <8> Ir <8> • • • , we obtain a nontrivial centralizing 
sequence (y n ) n in R®°° for R®°° x^r and so the crossed product factor has property Gamma. 

We end this section by noting that the tensor product of any of the weakly Kadison-Kastler 
stable factors from Section 16.11 with the hyperfmite Hi factor is automatically Kadison- 
Kastler stable. 

Corollary 6.2.5. Let a : T rx P be a trace preserving, centrally ergodic, and properly 
outer action of a countable discrete group T on a finite amenable von Neumann algebra P 
with separable predual. Suppose that one of the comparison maps (6.1) or ( fff.gp vanishes 



(as happens when V is a free group). Write M = P M a T. Then the Hi factor M ®R is 
Kadison-Kastler stable, where R is the hyperfinite II\ factor. 

Proof. The factors M are weakly Kadison-Kastler stable by Corollary 16.1.21 so M <g> R is 
Kadison Kastler stable by Lemma 15.2.51 □ 

6.3. Strongly Kadison-Kastler stable crossed products. We now turn to the situation 
where the bounded cohomology groups Hfj(T, Z(P) sa ) vanish. In this case the isomorphisms 
we obtain between a crossed product factor and a nearby factor are uniformly close to the 
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inclusion map (see Theorem 16.3.21 below). This enables us to produce strongly Kadison- 
Kastler stable factors in Theorem 16.3.41 below which proves Theorem [Al We first examine 
the situation when the crossed product factor lies in standard position. 

Lemma 6.3.1. Let a : Y rx P be a trace preserving, centrally ergodic and properly outer 
action of a countable discrete group T on a finite amenable von Neumann algebra P with 
separable predual. Suppose that H%(T,Z(P) sa ) = 0. Given a normalized 2-cocycle u G 
Z 2 (T,U(Z(P))), write M = P x aa ,r and suppose that M C !B(3C) is represented in standard 
position with tracial vector £ used to define the modular conjugation operator J M and the 
orthogonal projection ep onto P£. Let N C ¥>(%) be another von Neumann algebra with 
M Cp N and N M for f3 < 1/47 and such that P C N and J M PJ M Q N' . Then there 
exists a unitary U G P' fl (M, ep) such that UMU* = N, and 

(6.10) \\U - Ix\\ < (8 + 6>/2)P + 9K(3 + 2\/2)/5 

where K is the constant ( depending only on the action a ) given by the open mapping theorem 
such that A2.29\) holds. 

Proof. Write (u g ) g£ r for the canonical unitaries in M = P x^r satisfying u g Uh = u(g, h)u g h 
for g, h G T. Just as in the proof of Theorem 16. 1.11 (see equation (16.41) ). we can find unitaries 
(v g ) ger in N satisfying 

(6.11) \\v g -u g \\ < (8 + QV2)/3 

such that v e = u e = 1%, v g xv* = u g xu* = a g (x) for x G P and (v g ) ge r forms a bounded 
homogeneous orthonormal basis of normalizers for P C N. By Proposition 12.5.11 iV = 
P ^a,uj' T where u' is the normalized 2-cocycle given by u'(g, h) = v g VhV* h . Then v(g, h) = 
oj(g, h)oj'(g, h)* has sup„ ll^CflS ^0 — -^p|| ^ 3(8 + 6'\/2)/3 following the argument of (16. 6j) , 
Thus, defining ip = — ilogu, we obtain a bounded 2-cocycle in Z%(T, Z(P) sa ) by Lemma 
12X21 © and the estimate ||^|| < 2 sin _1 (3(8 + 6a/2)/3/2) follows from the relation |1 - e**| = 
2|sin(t/2)|. Note that 3(4 + 3y/2)fi < 0.53. For < t < 0.53, the convexity of sin" 1 ^) 
yields sin" 1 ^) < (sin _1 (0.53)/0.53))t, from which sin" 1 ^) < 3t/(2y/2) follows by direct 
calculation. By hypothesis, ip = d(j> for some G C£(r, Z(P) sa ) with 

(6.12) \\<f>\\ < K\\i/;\\ < 2ifskr 1 (3(4 + 3y/2)p) < 9K(4 + 3V2)(3/V2 = 9K(3 + 2^2)0. 
Lemma [2.5.21 (Inl) gives u(g, h) = e ld ^' h \ We obtain the estimate 

(6.13) ||/p-e^ (9) || <9 J fsT(3 + 2 v / 2)/3, g G T, 
from |1 — e lt \ = 2| sin(t/2)| < \t\, so defining v' g = e z ^ 9 'v g , we have 

H-UgW < K-«J + ||e^)_/|| 

(6.14) < (8 + 6V2)P + 9K(3 + 2y/2)/3, geT. 

As in Proposition 12.5.11 On]), the unitaries (v' g ) ge r also satisfy v' g xv'* = at g (x) for x G P and 
since v' g v' h v' h * = U)(g,h), it follows that N is isomorphic to P x QjW T = M. Further, the 
construction of Proposition 12.5.11 (0} gives an isomorphism 9 : M = P Yi a ^Y — > N with 
6(x) = x for x G P and 9(u g ) = v' g for gef. 

Now M and N are both in standard position on % and (3 < 1/47 so Lemma [4.1.41 shows 
that £ is also a tracial vector for N and N' . This allows us to define a unitary W G 23 (3C) by 
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W(m£) = #(m)£ for m G M and it is easy to check that 9(m) = WmW* for m G M. Note 
that 

(6.15) xWm£ = x8(m)^ = 8(xm)^ = Wxm^ = Wx(m£), x G P, m G M, 
so that W G P. Similarly, as 6(M) = N C (J M PJ M )', 

JmxJmWtti^ = J M xJM0(m)^ = 8(m)J M xJMt, = Q(m)x*£ 

(6.16) = fl(mi*)( = Wmx*£ = WJ M xJ M m£, x G P, m G M, 

so that G (J M PJ M )' = (M, e P ). In this way W £ P' (~) (M, e P ). 

For g G T, write e 9 = u g epu* = v' g epv' g *. Since P' fl M C P (as a is centrally ergodic 
and properly outer), the projections e g are central in P' fl (M,ep) by [351 Lemma 3.2] and 
(P' fl (M, ep))e g = Z(P)e g by [351 Lemma 3.4]. Therefore, we can write W = J2 g er w g e g f° r 
some unitaries w g G Z(P) and with strong*-convergence. 

For each h G T, we have WutW* = 9(uh) = v' h so that 

(6.17) ||W - u h Wu* h \\ = \\Wu h W* -u h \\ = \\u h - v' h \\ < (8 + 6^2)/3 + 9AT(3 + 2^2)/3. 
Since 



\ger ) g er 



(6.18) = ^ a h(w g )e hg = ^ a h(w h -i g )e g , 

96F g£T 



we can estimate 



sup \\a h (w h -i g ) - w g \\ =|| y](ofo(w ft -i g ) - ^ s )e g 



<?er 



(6.19) =||W / -M /l iy<|| < (8 + 6v / 2)/3 + 9 J fs:(3 + 2v / 2)/3, /i G T. 
Taking g = h above, we get 

(6.20) sup |K(w lr ) - < (8 + 6y/2)P + 9K(3 + 2^2)0. 
her 

For any z G Z(P), we have Jm z * Jm&p = ^ep. Hence, 

J M Wi r J M e g = J M w lr J M Uge P u* g = u g J M w* lT J M e P u g 

(6.21) = u g w lr epu* g = a g (wi r )e g , g G T. 

Define a unitary Wi = Jm^>\ v Jm £ JmZ(P)Jm Q P' H (M, ep). By the calculation above 

(6.22) VTi = ^ J M w lr J M e g = ^2 a g( w ir) e g> 

<?er 9 er 

so that — W|] < (8 + 6v^)/9 + 9K{3 + 2^2/3) by ( ET20D . Since Wi G J M Z(P)J M C 

J M P4 C JV', we have = Ad( W*W). By defining £7 = we have = Ad(£7) and 

\\U - I x \\ = \\Wi - W\\ < (8 + 6^)/3 + 9K(3 + 2V2)(3. □ 

The reduction procedure of Section H] can now be used to prove Part (J3]) of Theorem [Bl 
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Theorem 6.3.2. Let a : T rx P be a trace preserving, centrally ergodic and properly outer 
action of a countable discrete group T on a finite amenable von Neumann algebra P with 
separable predual. Suppose that H^(T, Z(P) sa ) = and let K be the constant (depending only 
on the action a ) given by the open mapping theorem such that $2.29\) holds. Let M = Px a ^Y. 
Then, given a faithful unital normal representation M C B(IK) and another von Neumann 
algebra JV C with d{M, N) < 7 < 5.77 x 1(T 16 ; there is a * -isomorphism 9 : M ->• iV 

with 

(6.23) ||0(a;) - x\ < 902 7 + (17 + 12V2 + 105K) x 50948 x (30l7) 1/2 , x G M, \\x\\ < I. 

Proof. Take such a crossed product M. Suppose that M C 3(J{) is a faithful normal 
nondegenerate representation and suppose that iV C S(D-C) is another von Neumann algebra 
acting nondegenerately on 'K with d(M, N) < 7 < 5.77 x 1CT 16 . By Theorem 13. 1.1 1 (III), there 
is a unitary u G (M U N)" with \\u - < 1507 and uPu* C N. Set N x = u*Nu so that 
PCMfl N x . Then d(M, Ni) < 3OI7. By Lemma EZL31 we can find a Hilbert space % and 
faithful normal ^representations tt : M — > T>(%) and p : iVi — > r B(%) so that: 

(i) 7r(M) and p(Ni) are in standard position on X with common tracial vector £ for 
tt(M), tt(M)', p(iV 1 ), and p^)'; 

(ii) 7r(M) C/3 p(iVi) and p(iV x ) 7r(M) for some /3 satisfying 

/3 < 50948 x (30l7) 1/2 < 1/47; 

(iii) Whenever x G M and y G iVi have ||y|| < 1 and ||x — y\\ < 5 for some 5 > 0, it 
follows that ||7r(sc) - p(y)\\ < 5 + (3. 

(iv) Tl\p = p\ P - 

(v) (7r(M), e^ip)) = (p(Ni),e 7r fp\), where these basic constructions are performed with 
respect to £. 

Condition (jvj) ensures that, working with the modular conjugation operators induced by £, 
we have J 7T {m)^(P)Jtt(m) = J p (n 1 )^{P)J p (n 1 ) Q p(Ni)' . Then conditions ©, and ($v§ 
allow us to apply Lemma [6.3.11 to tt(M) and p{Ni) on %. Consequently there is a unitary 
U G 7v(P)' n (7r(M), e 7r ( P )) such that Un(M)U* = p(^) and ||C/ - I % \\ < (8 + 6^)/3 + 
9K(3 + 2y/2)/3. Define an isomorphism 6>i : M ->• iVi by p" 1 o Ad([/) o 7r. Given s G M with 
||x|| < 1, fix y G iVi with \\x — y\\ < 3OI7. Then \\7f{x) — p(y) \\ < 3OI7 + so that 

||^(x) - 2/H = \\Uir(x)U* - p(y)\\ < 2\\U - I x \\ + ||tt(x) - p(y)\\ 

< (16 + 12y/2 + (54 + 36V2)K)p + 3017 + p 

(6.24) < (17+12^ +105K)/3 + 30l7. 

Finally, define an isomorphism 6 : M — > N by 9 = Ad(n) o 9 l . This satisfies 
\\9(x) — x\\ < 2\\u — + \\9i (x) — y\\ + \\y — x\\ 
< 902 7 + (17 + 12V2 + 105K)(3 

(6.25) < 902 7 + (17+ 12^+ 105K) x 50948 x (30l7) 1/2 , x G M, \\x\\ < 1, 

where y E Ni with ||y|| < 1 is chosen such that y\\ < 3OI7. This completes the proof. □ 

The collection of groups all of whose actions satisfy the hypotheses of Theorem 16.3.21 
contains SL n (Z) for n > 3 (see subsection 12.71) . In particular, for n > 3, crossed products 
of the form L°°(X,p) xi a SL n (Z) arising from free, ergodic, probability measure preserving 
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actions have the property that sufficiently close algebras are isomorphic via an isomorphism 
close to the inclusion map. There is a family with cardinality that of the continuum of 
pairwise nonisomorphic factors arising in this fashion (see Remark 16.3.61 below). 

Corollary 6.3.3. For n > 3, let a : SX n (Z) rx P be a centrally ergodic, properly outer 
trace preserving action on a finite amenable von Neumann algebra P with separable predual. 
For each e > 0, there exists 5 > with the following property: given a unital normal 
representation i : P >\ a T ->■ 23 (IK) and a Ih factor N C 23(K) with d(t(P M Q T),N) < 5, 
there exists a surjective * -isomorphism 9 : P x Q T — >■ iV witt \\9 — t\\ < e. 

We now turn to examples of nonamenable Hi factors which satisfy the strongest form of 
the Kadison-Kastler conjecture and prove Theorem Such factors must inevitably have 
the similarity property [llj. Due to the presence of property T, we cannot construct crossed 
product factors P X Q SL n (Z) for n > 3 with property Gamma (see Section I6T21 above), so 
we obtain the centralizing sequences which give the similarity property by tensoring these 
crossed product factors with the hyperfinite Hi factor. 

Theorem 6.3.4. Let a : T rx Po be a trace preserving, centrally ergodic and properly outer 
action of a countable discrete group V on a finite amenable von Neumann algebra Pq with 
separable predual and suppose that H% (T , Z(P ) sa ) = 0. Let M = (P T) ®P, where R 
denotes the hyperfinite II\ factor. Then M is strongly Kadison-Kastler stable. 

Precisely, let K be the constant (depending only on the action a ) given by the open mapping 
theorem such that \2. 29\) holds for ip G Z% (T , Z(P) sa ) ■ If M C 23 (IK) is a unital normal 
representation of M and N C 13 (IK) is another von Neumann algebra acting on IK with 
d(M, N) < 7, where 7 satisfies the inequality 

(6.26) (9356605 + 28918575iT)7 < 2/5, 
then there exists a unitary U G IB (IK) with UMU* = N and 

(6.27) \\U - < (33080745 + i02242603iT)7. 

Proof. Write M = Po x a T so that M = M £g> R. Now suppose that M is represented as a 
unital von Neumann subalgebra of IB (IK) and iV is another von Neumann algebra on K with 
d(M,N) < 7, where 7 satisfies ( 16.261) . For each 1-cochain : T — > Z(Po) sa , the inequality 
\\d(f)\\ < 3||0|| implies that K > 1/3, so 7 < 1/(305 x 903 x 47) follows from ( ET26D and 
the hypotheses of Lemma 15.2.41 are satisfied. Thus there exists a unitary u G (M U N)" 
with || n — ijfH < I5O7 such that uRu* C N, P C R' D u*Nu and is generated by the 
subfactors {uRu*) 1 fl and uRu* . In particular iV = ((uRu*)' fl N) ®uRu* by [67] and so 

is McDuff. Since M and have property Gamma, Proposition 12.2.41 (jn]) gives the near 
inclusions M C c6)57 A^ and A^ C c6j57 M. 

Write iVi = u*Nu and P = (P U R)" so that P C iVi n M and iVi is generated by the 
commuting algebras R! fl A"i and R on K. Since M C c6)3057 JVi and A"i C c6 3057 M, Lemma 
12X51 (El) gives M = R'nM C cb 3057 P'fWx and P'nA^x C c6 3057 M . Proposition[2X3]induces 
the near inclusions M' ^=cf>,3057 

N[ and A^( C cfe 3057 M'. By construction P C M n(P'nAT 1 ). 
By Theorem 14.3.31 applied with ji = 3057 replacing 7 (valid as 3057 < 1/(903 x 47)), 
there exist representations ir : M — > B(X) and p : N\ — > IB (IK) which agree on P and such 
that: 

(i) there is a tracial vector £ G X for tt(M), 7r(M)', p(iVi) and p(A^ 1 ) / ; 

(ii) J n (M)^(P)J^(M) Q p(Ni)'; 
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(iii) vr (M) <Z P p(N 1 ) and p{N x ) vr(M) for = 903^ = 2754157; 

(iv) whenever x £ M and y £ Ni satisfy \\y\\ < 1 and \\x — y\\ < 5, it follows that 
\\n{x) - p{y)\\ < <J + 90371. 

Since 7r(M) is in standard position on % with tracial vector £, uniqueness up to spatial 
isomorphism allows us to assume that % factorizes as %i <g) 3C 2 , where 3Ci = 7r(M <8> Ir)£ 
and X2 = 7t(Im ® -R)£ and with the following additional properties. The vector £ factorizes 
as £1 £g> £2, 7r(Mo) acts in standard position on %i with respect to £1 and 7r(i?) acts in 
standard position on % 2 with respect to £2- Consequently, with respect to this factorization, 
ir(Ryn(J w{M) 7r(R)J w{M) y = t B{% 1 )®CI %2 . Since J w{M) 7r(R)J <M ) Q p(N 1 )', we have n{Ryn 
p(N 1 ) C 7r(i?)' n (J 7T (M)RJn(M))' = S(Xi) <g> C/oca and so the factorization of Aq = N ®R 
respects the decomposition of % = %\ ® X 2 . 

It follows that 7r(M ) and p{N ) can be regarded as represented on %i where £1 is a 
tracial vector for vr(M ), 7r(Af )', p(A ), and p(N )'. Further, tt(P ) C 7r(M ) n p(A ) and 
<^7r(M ) 7r (-Po)^7r(Afo) ^ p{Nq)' , where J-k(m ) is the modular conjugation operator on %i defined 
with respect to £1. Thus Lemma 16.3.11 gives a unitary u £ 23(3Ci) with w 7r(Mo)iio = p(No) 
and || Wo — ^3Ci || < (8 + 6 a/2 + 9A(3 + 2y2))/3. Define ui = u ® ix 2 so that «! is a unitary 
on X with M l7 r(M)M* = p(N 1 ) and ||«i - I x \\ < (8 + 6a/2~ + 9A(3 + 2 v / 2))/3. 

Define 6 1 = o Ad(«i) o 77 : M Ni. For a contraction x £ M, choose a contraction 
y E Ni with ||s — y|| < 3OI7 (possible as d(M,N) < 7 and ||w — 7jc|| < I5O7). Estimating 
in a very similar fashion to the end of the proof of Theorem 16.3.21 shows that 

\\°( x ) ~ v\\ = ||ui7r(z)uj - p(y)\\ < 2\\u x - I^\\ + ||tt(x) - p{y)\\ 

(6.28) < (16 + 12V2 + 105/0/3 + 3017 + < (9356304 + 28918575A) 7 . 
Thus 

(6.29) p(x) - x\\ < \\9(x) - y\\ + \\y - x\\ < (9356605 + 28918575A) 7 . 

By hypothesis this last quantity is less than 2/5, so Lemma 12.2.61 dH]) applies. Therefore, 
there exists a unitary w 2 on "K with 9 = Ad(«2) and 

(6.30) ||« 2 - /jell < 2-1/2 x 5 x (9356605 + 28918575A) 7 < (33080595 + 102242603A) 7 . 
Write U = uu 2 so that UMU* = N and 

(6.31) \\U - < \\u 2 - Jjcll + ||« - ijc|| < (33080745 + 102242603A) 7 , 
establishing (I6.27P as required. □ 

Theorem |A] now follows immediately from Theorem 16.3.41 and Theorem 12.7.11 

Corollary 6.3.5. Let n>3 and T = 5L n (Z). Given any free, ergodic, measure preserving 
action a : T rx (X, p) on a standard probability space, the Hi factor (L°°(X, p) x Q T) ® R is 
strongly Kadison-Kastler stable. 

Remark 6.3.6. There are a continuum of pairwise nonisomorphic Hi factors to which the 
previous corollary applies. Let us specialize to the case when P = L°° (X, p) and the action 
a is a Bernoulli shift (meaning that (X,p) arises from an infinite product (X , p ) r = {/ : 
T — > X } indexed by the group T, and T acts on X by translation: (g ■ f)(h) = f(g~ 1 h)). In 
[83| 184] Popa established a breakthrough superrigidity result for a class of actions including 
Bernoulli actions T rx (X,p) of ICC groups with property T ([EH Theorem 0.1]): given 
two such actions T rx (X,p) and A rx {Y, u), if the crossed product factor L°°(X,p) x T is 



52 



CAMERON ET. AL. 



isomorphic to an amplification (L°°(Y,i>) x A) t for some t > (the amplification M t of a 
Hi factor is a factor p{M ® M n )p, where nGN has n > t and the normalized trace of the 
projection p in M£g>M n is t/n), then t — 1, T = A and the actions T r> (X, /i) and A rx (Y, v) 
are conjugate. This result has recently been extended by Ioana [32] to allow A rx (Y, v) to be 
any free ergodic probability measure preserving action of a countable discrete group. At the 
level of actions, Bowen introduced in [I] an entropy invariant for measure preserving actions 
of sofic groups (a class of groups including all residually finite groups, and hence SL n (Z) for 
n > 3). One of many consequences of this work is that conjugacy of two Bernoulli shifts 
T rx (X , fi ) r and T rx (Y , u ) r of a sofic group over base spaces with finite entropy implies 
that the entropies H(X ,fj, ) and H(Y ,u ) are equal (pEJ Theorem 1.1]). 

By considering a family of base spaces on which the entropy takes all values in [0, oo), the 
results discussed above show that there is a family J with cardinality equal to that of the 
continuum such that J consists of Hi factors of the form L°°(X,fi) x Q SX 3 (Z) arising from 
Bernoulli shifts such that no two are isomorphic even after amplification. Since SL^{7j) has 
property T, these factors cannot have property Gamma. Given Hi factors Mi and M2 without 
property Gamma, Theorem 5.1 of [85] shows that if Mi ®R = M2 ® R, then Mi is isomorphic 
to an amplification of M2. Consequently the elements of the family J R = {M <g> R : M e 3^} 
are pairwise nonisomorphic. 

The following result is obtained in exactly the same way as the deduction of Theorem 
16.3.41 from Lemma 16.3.11 We omit the details. 

Proposition 6.3.7. Suppose that M C !B(L 2 (M)) is a Hi factor with the property that for 
e > 0, there exists 5 > such that given a ll\ factor N C T>(L 2 (M)) with d(M, N) < 5, then 
there is a unitary u G ¥>(L 2 (M)) with uMu* = N and \\u — Il?(m) II ^ £ - Then M®R is 
strongly Kadison Kastler stable. 

6.4. Type Hi Measured equivalence relations. In their seminal papers [371 [38] Feldman 
and Moore assign cohomology groups to measurable equivalence relations and generalize the 
twisted crossed product construction to produce an inclusion of a Cartan masa inside a von 
Neumann algebra from a countable measured equivalence relation and (the orbit of) a certain 
element of 2-cohomology. Conversely, they show that an inclusion A C M of a Cartan masa 
inside a von Neumann algebra is determined by this data. In this subsection, we work in 
this more general context. We show that close inclusions of Cartan masas in Hi factors give 
rise to isomorphic relations and can be represented by uniformly close cocycles. 

We first recall from [38] how to associate a measurable equivalence relation to an inclusion 
A C M of a Cartan masa in a Hi factor ([38] works in the context of arbitrary von Neumann 
algebras, but we restrict to the factor case for simplicity and the finite case so we can apply 
the results of Section H]). First we place M in standard position on and let Jm be the 
modular conjugation operator. Then identify A with L°°(X,fi), where the measure \x arises 
from the trace on M. The algebra B = JmAJm commutes with A and so A and B together 
generate an abelian von Neumann algebra C = (AUB)" on "K. We may write C = L°°(R, v) 
for some measure space (R, v). The inclusions A )• C and B ?• C induce two Borel maps 
7Tj, 7r r : R — > X and these can be used to view R as a Borel subset of X x X, using 717 and 7T r 
as the projections. Propositions 3.2-3.9 of |38j then show that this procedure does produce a 
countable standard relation R which we call the equivalence relation of the inclusion ACM 
(and the counting measure induced on this relation is in the same measure class as the 
initially chosen v). 
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Proposition 6.4.1. Let M and N be Hi factors acting nondegenerately on % with M C 7 
iV C 7 M for some 7 < 5.7 x 10~ 16 . Suppose that A C M is a Cartan masa in M. Then any 
von Neumann subalgebra B G N with A Gs B C5 A for 5 < 1/101 is a Cartan masa and 
the Hi measurable equivalence relations determined by the inclusions A C M and B G N 
are equivalent. 

Proof. By [2TJ Corollary 4.4], there is a unitary u G (A U B)" with uAu* C 5, ||w — < 
1507 and ||ua;u* - x|| < 1007||x|| for x G A. Set JVi = w*Aw so that A C M n N x and 
M C 7l Ni C 7l M, where 71 = 3OI7. Lemma 14.2.31 applies to M and Ni with P = A, so 
that M and iVi can be simultaneously represented in standard position on the same Hilbert 
space % so that JmAJ m = J Nl AJ Nl . Now when we construct the equivalence relations 
from (A U JmAJm)" and (A U J^AJ N )" as described immediately before the lemma, we get 
precisely the same orbit equivalence relation for the inclusions A C M and A Q N\. Since 
the inclusion A G N% is unitarily equivalent to B C JV, it follows that B G N and ACM 
induce isomorphic equivalence relations. □ 

We now turn to the 2-cohomology class induced by the inclusion A G M of a Cartan masa 
in a Hi factor. Let R be a countable measured equivalence relation on (X, /a) equipped with 
the measure class of the counting measure (see [23 Theorem 2]). The cohomology group we 
need is H 2 (R, T). These groups were introduced in [371 Section 6] and we briefly review how 
they are defined. For n > 1, let R n = {(x , . . . , x n ) G X n+1 : (x^i, Xi) G R, i = 1, . . . , n}. 
This is a Borel subset of X n+1 and is equipped with a measure class generalizing the counting 
measure class on R to R n (see [37J Proposition 2.3]). We then define the abelian group of 
n-cochains, C n (R, T) to be equivalence classes of Borel functions R n — > T with pointwise 
multiplication. The coboundary map d n : C n — > C n+l is given by 

71+1 

(6.32) (df)(x ,...,x n+1 ) = J^/(x ,---,^-i,^,^m,---^n+i) (_1) \ 

i=0 

where (x , . . . , a^-i, x^, x i+ i, . . . , x n+ i) denotes the n + 1-tuple in R n obtained by omitting 
Xi. Since d n d n _i = 0, it makes sense to define the cocycles by Z n (R, T) = ker<9„, the 
coboundaries by B n (R, T) = Im <9 n _i and the n-th cohomology group by H n (R, T) = 
Z n (R,T)/B n (R,T). 

The automorphism group Aut(-R) of the relation R consists of the (equivalence classes of) 
Borel isomorphisms 9 : X — > X for which (6 x 0)(R) = R. We have an action of Aut(-R) on 
the cochains C n (R, T) given by 

(6.33) (9f)(x , ...,x n ) = f(9~ l (x ), 9~ 1 (x n )), (x , . . . , x n ) G R n , 

which induces an action on the cohomology groups H n (R,T). The main result of [38] is 
that an inclusion of a Cartan masa in a von Neumann algebra is completely classified by 
the induced equivalence relation R and the orbit under Aut(i?) in H 2 (R, T) of a cohomology 
class constructed from the original inclusion. To give a version of Lemma f6 . 1 . 1 1 in this setting 
we need to review how this construction works in detail. 

Feldman and Moore observe that when A is Cartan, L°°(R, v) = (AU JmAJm)" is maximal 
abelian in !B(!K) (see [3"8"| Proposition 3.11] and also [81]). This enables them to view CK as 
L 2 (R, v) and gives rise to a decomposition of normalizers in [3H1 Proposition 3.10] as follows. 
Given any normalizer u G N(A C M) which induces the corresponding action 9 U on X 
(meaning that (ufu)*(x) = f(9^ 1 (x)) for / G L°°(X) and x G X), there is a measurable 
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map a u : R — > T such that, viewing u as an element of S(L 2 (i?, u)), we have 

(6.34) {uiP){x,y) = a u {x,y)iP{6- 1 (x),y), ^ e L 2 (R,v), (x, y) G R. 

This is proved by defining another unitary u' on L 2 (R,u) by (u'ip)(x,y) = tp(9~ 1 (x),y) and 
noting that both u and u' normalize C = (A U JmAJm)" and ucu* = u'cu'* for all c G C. 
Since C = (A U J M A J M )" = L°°(R, v) is maximal abelian in *B(L 2 (R, v)) it follows that uu'* 
is a unitary, say a u , in L°°(R, v) and the claim follows. 

Let G be a dense subgroup of Ji(A C M) which contains U(v4) and for which the quotient 
group Go = G/1L(A) is countable. Two normalizers u\, u<i in the same U(A)-coset induce the 
same action so that 9 Ul = 9 U2 , and consequently Go acts on X, inducing an orbit equivalence 
relation Rq - In [38j Proposition 3.9] it is shown that the equivalence class of this relation 
does not depend on the choice of G and that it is equivalent to the original orbit equivalence 
relation R. 

Fix such a group G and let D consist of one representative in G of each coset of Go = 
G /11(A). We may assume that 1 £ D and if u G D, then u* G D. If (x,y) G Rg , then we 
can find at least one element u of D with 9 u (x) = y; since the action is not necessarily free 
this u need not be unique. To resolve this, Feldman and Moore partition R into a disjoint 
union of Borel sets (R(u)) ue o so that R(l) is the diagonal, and R(u*) is obtained by flipping 
R(u). They then define a Borel function c : R 2 — > T by 

(6.35) c(x, y,z) = a u (x,y), where (x,z) G R(u), 

([38, Proposition 3.13] shows that this is well defined). Implicit here is the fact that while 
R and Rg are equivalent, they are not equal: thus one deletes a null set where no such u 
can be found. Finally, they obtain a cocycle t on R 2 by showing that the quantity 

(6.36) t(x, y, z) = c(x, y, r)c(y, z, r)c(x, z, r)~\ (x, y, z) G R 2 

is independent of the variable r and defines a 2-cocycle. Further, while t itself depends on 
the choice of D above, its class in H 2 (R,T) does not. This class only depends on/lCM 
and the identification of A with L°°(X) (this last point explains why Feldman and Moore's 
invariant is the orbit of the class of t under Aut(-R)). We are now in a position to establish 
the Hi measured equivalence relation version of Lemma 16.1.11 We state the result in the 
context of a common Cartan masa A C M and A C N; the standard reduction procedure 
of first twisting N so that it also contains A can be used in the general case. 

Proposition 6.4.2. Let M and N be II\ factors acting nondegenerately on 31 with d(M, N) < 
7 < 1.74 x 10" 13 . Suppose that A C M n N is a Cartan masa in both M and N. Then 
the inclusions A C M and A C N determine isomorphic measurable equivalence relations. 
Denote the class of these relations as R. Then we can choose representatives um and un in 
Z 2 (R,T) of the (orbits of the) Feldman-Moore cohomology classes corresponding to A C M 
and A C N such that 

(6.37) \\u M - u N \\ L oo m < 324231l7 1/2 . 

Proof. Write A = L°°(X,fi), where \i is the measure on X obtained from restricting tm to 
A. The bound on 7 is chosen so that Lemma 14.2.31 applies. Thus we can replace H by the 
% of that lemma and assume that M and N are simultaneously in standard position with 
the same fixed tracial vector on % so that JmAJm = JnAJn, at the expense of changing 
the distance estimate to M Cp N M, where (5 = 509487 1 / 2 . In this way we obtain a 
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common algebra (A U JmAJm)" = (AU J n AJ n )" which we identify as L°°(R, u), for some 
measurable Hi equivalence relation R on X. Further, we identify % with L 2 (R, v). 

Theorem 13.2.31 gives us a well defined group isomorphism : Ji(A C M) /11(A) — > N(A C 
N)/U(A) obtained by Q(uU(A)) = vU(A), where v G N(A C JV) satisfies ||v - u|| < 15^2/3. 
Choose a dense subgroup G of N(A C M) which contains 11(A) so that G = G /11(A) 
is countable. Define if = Q(Gq) and let ii be any dense subgroup of N(A C N) with 
U(A) C H so that ifo = H /11(A) is countable and contains if. Let D be a set consisting 
of one representative in H of each coset in Hq so that 1 £ D and D is closed under the 
adjoint operation. For each v G D, choose a unitary normalizer u v G N(A C M) with 
||u„ — f || < 15^2/3 by Lemma [3X1] ©, the bound on 7 being small enough to ensure that 
2y / 2/3 < 1/8 so that this lemma applies. We insist that these choices are made such that 
ui = 1 and (u v )* = u v * for each v G D. Now let G be the subgroup of H(A C M) generated 
by U(A) and : v G £>}. Note that e -1 (.Ho) 2 6 _1 (-£0 = G so that G contains G 
and hence is dense in N(j4 C M). Since D is countable, Go = G /11(A) is countable. By 
construction, the set E = {u v : v G D} consists of exactly one representative in G of each 
coset of G . 

Each u v G E, arises from a measurable function a Uv : R — » T from f)6.34p . so that 

(6.38) (u v t/;)(x,y) = a Uv (x,y)ip(9~^(x),y), ip G L 2 (R,u), (x,y) e R, 

where 9 Uv is the action induced on X via the normalizer u v of L°°(X) = A. Similarly for 
v G D, we obtain a measurable function 6^ : — > T such that 

(6.39) (viP)(x, y) = b v (x, y)ij)(dz\x), y), L 2 (R, u), (x, y) G R. 
As u v and t> induce the same action on A, it follows that 9 Uv = 6 V and hence 

(6.40) \\a Uv - b u \\ L ™( R ) = \\u v - v\\^ L 2 {R)U)) < lh\/2f3. 

Now choose a Borel partition (R(v)) ve o of R so that -R(l) is the diagonal and R(v*) is the 
flip of R(v) for all v G D. We can view this as a partition indexed by E as well. Thus when 
we define c : R 2 — > T for A C M by c(x, y, z) = a Ut , (x, y) when (x, z) G R(u v ) and d : i? 2 — >■ T 
for A C Af by d(x, y, z) = b v (x, y) when (x, z) G R(v), it follows that ||c— d||z°°fR2) < 15v2/3. 
Now define a representative % of the Feldman-Moore cococycle by ( I6.36P for A C M and 
a representative w^r for the cocycle of A C iV by the analogous formula using d in place of 
c. It follows that 

(6.41) \\u M - Wj\r|U»(jp) < 3||c - d||iao (Jl a) < 45^/3 < 324231l7 1/2 , 

as claimed. □ 

In just the same way as Corollary 16.1.21 is deduced from Theorem 16.1.11 it follows that a 
Hi factor M arising from the Feldman-Moore construction from the equivalence relation R 
is weakly Kadison-Kastler stable when the natural comparison map 

H 2 (R, R) -> H 2 (R,R) 



vanishes. 
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6.5. Concluding remarks. In general terms, we have fixed a von Neumann algebra M in 
a certain class and asked whether it is isomorphic to all of its close neighbors N. We end by 
setting out what our methods give when restrictions are imposed on both M and N. In the 
next result, we use the fact that N is assumed to already be presented as a genuine crossed 
product to avoid using cohomological hypotheses to untwist the cocycle in Theorem 16.1.11 

Corollary 6.5.1. Let a : T rx (X,[i) and : A n» (Y, u) be free, ergodic, probability 
measure preserving actions of countable discrete groups F and A. Let M = L°°(X,fj,) M Q r, 
N = L°°(Y, v) y\p A and suppose that M contains a unique Cartan masa up to unitary 
conjugacy. Suppose that M and N are represented as von Neumann algebras on "K with 
d(M, N) < 5.8 x 10~ 16 . Then M is isomorphic to N. 

Proof. Theorem 16 .1.11 shows that we can identify N as a twisted crossed product L°° (X, fi) x Q)UJ 
T for some 2-cocycle u G Z 2 (T, U(L°°(X, //))). Since M contains a unique Cartan masa, so 
too does N by Theorem 14.2.51 (TTvT) . By the uniqueness of the Cartan masa in N, the orbit 
equivalence relations induced by a and must be isomorphic. Since the isomorphism class 
of a crossed product depends only on the orbit equivalence relation of the underlying action, 
it follows that N ^ M. □ 

By [SB1 Theorem 1.1], the factor M is guaranteed to have a unique Cartan masa in the 
following circumstances: T is a nonelementary hyperbolic group; a lattice in a connected 
noncompact rank one simple Lie group with finite center; a limit group or a finite product 
of these groups. We do not know how to extend the class of weakly Kadison-Kastler factors 
to reach all crossed products containing a unique Cartan masa. In particular our strategy 
of relying on the vanishing of the comparison map 

H 2 b (T, L\Z(P) sa )) -> H\T, L\Z{P) sa )) 

cannot work in this level of generality: when T is a hyperbolic group the comparison map 
H 2 (T,R) H 2 (T,R) is always surjective [SH] - 
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